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ABSTRACT

Trauma presents a prominent health problem worldwide. However, trauma centers are often clustered in
urban areas and sparsely located in rural areas. The geographic maldistribution of trauma centers leads
to system-related mistriage errors. While some local governments offer subsidy to incentivize the affili-
ated hospital group to redesign the trauma care network, the approach is ad hoc. To address this issue,
we propose a bilevel integer programming model to investigate the subsidized trauma care network re-
design problem, which considers the government as the leader and the hospital group as the follower.
To solve the resultant problem efficiently, we propose a branching idea to exclude additional infeasible
solutions and suboptimal solutions, in turn speeding up the branch-and-bound algorithm. In a case study,
we redesign a trauma care network in the midwestern area of the U.S. based on closed-form approximate
functions of system-related mistriage errors. The results show that the optimal network redesign redis-
tributes the network by slightly reducing the number of trauma centers to relieve the crowded trauma

care resource, and achieves an overall improvement of about 11% over the original network.

© 2023 Elsevier Ltd. All rights reserved.

1. Background and introduction

Trauma refers to severe physical injuries of sudden onset
caused by violence or accident, which may lead to death if defini-
tive care is not administered in a timely fashion. Trauma is a se-
rious public health problem with significant social and economic
burden. In the United States (U.S.), it is the #1 cause of death
among citizens younger than 45 years old and ranks third overall
across all ages [71], accounting for nearly 200,000 deaths annually
[67].

American College of Surgeons (ACS) designates trauma care fa-
cilities nationwide from Level 1 (L1) to level 5 (L5), based on
their level of trauma care specialty [5], and availability of spe-
cialized trauma care resource (emergency department beds, capital
equipment, and specialty care staff). Both L1/L2 designated trauma
care facilities provide nearly the same care to severely-injured pa-
tients (often life-threatening). They are required to have 24/7 in-
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house coverage and prompt availability of care in surgical spe-
cialities such as orthopedic, neuro, plastic, and oral and maxillo-
facial. In contrast, L3-L5 designated trauma care facilities provide
only a subset of the services mentioned above, house limited 24/7
trauma staff, and often serve as the backup trauma care facilities
for severely injured patients in areas without an L1/L2 designated
facility [5]. In this paper, we refer to L1/L2 designated trauma care
facilities as trauma centers (in short, TCs) and L3-L5 designated
trauma care facilities, along with other community hospitals, as
non-trauma centers (in short, NTCs). Normally, to become a TC, any
facility must have a sufficient volume of specialized trauma care
resource.

When emergency medical service (EMS) staff arrive at the scene
of a trauma incident, they perform preliminary assessment on the
victim and make a field-triage decision to determine where to
transport the victim. Typically, the staff consider two crucial fac-
tors, namely injury severity (based on several clinical factors, e.g.,
respiratory rate, blood pressure, and Glasgow Coma Score), and
transport time/distance (i.e., whether a TC is within the geographic
proximity of the incident). Besides the injury severity, it is well
evident that patient’s prehospital survival and care outcomes are
strongly correlated to the time it takes for the patient to access
appropriate trauma care [16]. Ideally, severely injured patients are
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Fig. 1. Geographic maldistribution in trauma care in 2010 (Red dots = TCs, dark
shade = 60-min coverage by some TC, light shade = distribution of U.S. population).

transported to TCs for specialized care, whereas non-severely in-
jured patients are transported to NTCs so as not to compete for
precious specialized care resources with severely injured ones.

However, it is often not the case, for which a main reason
is the geographic maldistribution of trauma care facilities [16].
At present, TCs are typically clustered in urban areas, while dis-
tributed sparsely (sometimes absent) in socioeconomically disad-
vantaged (often rural and under-funded) areas. Fig. 1 shows the
distribution of nearly 250 TCs in the U.S. in 2005, which covered
only 30% of land within the golden hour (60 minutes) via ambu-
lance and helicopter [11,17]. This coverage leaves no access to a
trauma center for nearly 45 million Americans within the golden
hour, according to the Centers for Disease Control and Prevention
[5]. The geographic maldistribution has caused serious implications
both socioeconomically and in terms of health outcomes in U.S.
[16]. Since 2012, there has been further an upswing (over 117 TCs
opened and existing hospitals upgraded) largely into metropolitan
areas [35]. This expansion of TCs, has intensified the geographic
maldistribution and created huge outcry in many under-privileged
areas. For example, six TCs were built along the Atlantic coast of
Florida, instead of three that were really needed as per Florida’s
state health department [21], which presents a huge contrast to
the limited specialized trauma care resource in Florida Panhandle,
a more rural region of Florida.

Due to lack of TCs within a critical time threshold of the inci-
dent location, EMS staff are forced to transport a severely injured
patient to nearby NTCs, which is referred to as a system-related
under-triage (srUT) error. Similarly, with an excess of TCs in the
vicinity of the incident location, the EMS may be induced to trans-
port a non-severely injured patient to one of those TCs (instead of
an NTC), which is referred to as a system-related over-triage (srOT)
error [65]. On one hand, srUT errors often occur in areas that TCs
are far away and patients cannot receive timely and appropriate
specialized care. Thus, these errors lead to increased risk of short-
or long-term disability or even mortality as severely injured pa-
tients cannot get timely and appropriate emergency care. Severely
injured patients taken to TCs would have a 25% higher survival rate
than taken to NTCs [G1]. On the other hand, srOT errors often oc-
cur in areas that TCs are clustered and patients may be transported
to nearby TCs even if the injuries are not severe. Thus, these errors
lead to unnecessary spending on specialized trauma care to non-
severely injured patients at TCs. On average, trauma care payment
is 41% higher at TCs than at NTCs for identical treatments [65]. The
higher-level payment is mainly due to a fixed trauma activation fee
that each TC charges to its patients to recoup its high cost of 24/7
on-call trauma care staff and specialized medical equipment. This
fee can range $5,000 - $27,000, depending on the state and re-
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gion [76]. See Appendix I for two possible real-world scenarios of
system-related mistriage errors.

Given this, from the viewpoint of social welfare (government’s
objective), balancing the distribution of trauma care resource in the
area is pivotal. This may include upgrading some NTCs to TCs in
areas with scarce trauma care resource, while downgrading some
TCs to NTCs in areas with over-capacity trauma care resource. In
contrast, from the viewpoint of financial viability (hospital group’s
objective), the change in the volume of patients assigned to TCs
may impact the revenues generated to offset high fixed and oper-
ating costs of TCs [5,76]. This is why some governments provide
subsidy to the hospital group to strike a compromise between so-
cial welfare and hospital group’s financial viability.

In this paper, we study a subsidized network redesign prob-
lem (SNrDP), aiming to reduce the system-related mistriage errors
of an existing trauma network. This subsidized network redesign
involves two main stakeholders, namely the government and the
hospital group. While many state/regional governments have lim-
ited authority to enforce ideal care delivery from a societal per-
spective, they can clearly influence the network design by provid-
ing subsidy to the hospital group. The government’s objective is
to reduce the overall harm caused by srOT and srUT errors with-
out providing a large amount of subsidy. In contrast, the hospital
group intends to maximize the profit by optimally locating TCs and
specifying the coverage zone of each TC. To analyze the interplay
between them, we formulate the SNrDP as a bilevel integer pro-
gramming model in which the government is the leader and the
hospital group is the follower. We consider the optimistic formu-
lation of the bilevel programming. That is, when the lower-level
problem possesses multiple optimal solutions, the leader gets to
pick among them so as to achieve the best upper-level objective.

The proposed bilevel integer programming model is difficult to
be solved exactly for large-scale, real-world instances. In general,
bilevel integer programs are known to be NP-hard even when the
leader’s and follower’s problems are both linear programs [47]. Fur-
ther, different from almost all bilevel integer programming prob-
lems studied previously in the operations research literature, our
problem involves a large-scale combinatorial optimization model
at the lower level. To address the above additional computational
challenge, we propose a branching idea to superimpose on stan-
dard branching schemes so as to exclude more suboptimal solu-
tions and infeasible solutions at each branch-and-bound iteration.
We verify our model and test our solution method with a well-
designed case study of redesigning a trauma care network in the
midwest of the United States. Our case study suggests around 11%
overall improvement (that is a decreased quantification value of
the mistriage errors) can be achieved from the original network
by redistributing the existing TCs. This would require modest dis-
persion throughout the area. We also conduct sensitive analysis on
several key model parameters to assess their correlations with the
network redesign.

Our main contributions are three-fold. First, the proposed
leader-follower bilevel programming model can be widely applied
to discrete location optimization with subsidy agreement between
the leader and the follower. Arising in many public sector oper-
ations research application contexts, it is important to establish
an effective public-private partnership (PPP) that addresses the
geographic demand-supply imbalance in a service network with
multi-class customers (e.g., severely injured and non-severely in-
jured patients). Second, we design an exact branch-and-bound al-
gorithm, which tailors a previously self-developed branching rule
[60] to our specific formulation with the upper-level decision be-
ing one-dimensional. Note that the previously developed branch-
ing rule cannot ensure the exactness of the algorithm if there are
multiple optimal solutions in the lower-level problem. Our tailored
branching idea can be embedded into any standard branch-and-
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bound framework for the BIP problem so as to speed up the algo-
rithm. Lastly, our real-world case study is expected to be insightful
to make good decisions on subsidy budgeting and care network de-
sign, which can help reduce mistriage errors of trauma care in the
target area.

The remainder of this paper is organized as follows. In
Section 2, we provide a comprehensive review of the relevant lit-
erature. In Section 3, we present a bilevel integer programming
model for the SNrDP. In Section 4, we propose an exact branch-
and-bound algorithm. In Section 5, we report a case study based
on real data and make policy recommendations. We draw conclud-
ing remarks and outline future research in Section 6.

2. Literature review
2.1. Trauma care outcomes research

Relevant studies from trauma care outcomes research include
those on prehospital trauma triage and those on trauma care net-
work design. In the former category, several studies focus on pre-
hospital triage outcomes, including Carr et al. [18], Newgard et al.
[65], Parikh et al. [68], and Parikh et al. [69]. These studies ap-
ply statistical methods to investigate the impact of triage errors
on medical cost, mortality rate and so on. A variety of methods
and scores exist in the current literature for prehospital trauma
triage, including Baxt et al. [7], Mackersie [62], Newgard et al. [66],
Sasser et al. [74], and Jones et al. [49]. These studies provide us
a good understanding of triage protocols in EMS decision-making
and subject-matter support to out development of the prehospital
triage outcome simulation.

To design trauma care networks, the aspect of geographical
maldistribution of TCs has garnered tremendous attention in the
medical literature. These studies give rise to the use of standard
operations research techniques to selected aspects of the trauma
care network design problem. For instance, Branas et al. [11] con-
sidered a single centralized network designer and used a heuristic
method to locate trauma facilities. In another single-planner study,
Branas et al. [12] evaluated the marginal impact of adding one
or two TCs and helicopter depots within 45/60-minute access to
these centers by enumerating all feasible location solutions. Jansen
et al. [45] and Jansen et al. [44] conducted geospatial evaluation
studies on designing trauma care networks in Scotland, and identi-
fied Pareto-optimal solutions to the two conflicting objectives, i.e.,
travel time and under-triage errors. Carr et al. [18] used simulation
to estimate the distribution of trauma incidents, mortality rates,
and care resource utilization for disaster preparedness in 25 largest
U.S. cities. On the operations research side, there is research on
ambulance location and operations decision problems for improv-
ing the performance of a trauma care system, including Enayati
et al. [29], Knight et al. [52], Sudtachat et al. [78] and Bélanger
et al. [8]. None of these studies captured the effect of government
subsidy on network designer’s decisions, nor the tradeoff between
triage errors and the subsidy, all of which are critical to appropri-
ately addressing the trauma care network design problem in the
uUsS.

2.2. Healthcare facility location analysis

Our paper is also related to the healthcare facility location anal-
ysis research in the operations research literature. Because of the
large volume of the literature in this area, we review only the
most relevant papers and refer readers to Daskin and Dean [24],
Li et al. [58], and Ahmadi-Javid et al. [1] for comprehensive re-
views. Healthcare facility location problems with a single plan-
ner are well-studied; see, Griffin et al. [39], Harper et al. [40],
Jia et al. [48], Rahman and Smith [70], Verter and Lapierre [82],
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Vidyarthi and Jayaswal [83], and [63]. There are several papers
studying the location of TCs; see, [13,14,22,23,28,77], and Lee and
Jang [57]. Branas et al. [13], Cho et al. [22], and Lee and Jang
[57] studied the optimization problem of jointly locating TCs and
associated helicopter (i.e., air ambulance) platforms and depots.
Erdemir et al. [28] considered the possibility of deploying both
ambulances and helicopters to transfer patients to TCs when the
scene of an incident does not have a suitable nearby area for a
helicopter to safely land. Since sustaining TC operations is expen-
sive, these studies either dealt with cost minimization of locating
and operating TCs from the viewpoint of a hospital network, or
care availability/accessibility maximization under budget constraint
from the viewpoint of the government. None of theses studies con-
sidered modeling of the above conflicting interests simultaneously,
nor considered a trauma care network composed of both TCs and
NTCs.

The literature on healthcare facility location remains scarce
when it comes to concerning multiple decision-makers with con-
flicting interests. A few papers present bilevel optimization models
for the system planner in the public health/humanitarian sector,
which only take into account service recipients’ behaviors through
some form of equilibrium constraint. Thus these models can be
equivalently reduced to a single planner’s models [38,90]. To the
best of our knowledge, no healthcare facility location research
addresses the cases where the system planner and the service
provider play a leader-follower game.

Outside the literature on healthcare facility location, a series
of studies investigate a defender-attacker facility location prob-
lem, where two decision-makers play a leader-follower game
[2,4,36,37,41,51,53,59,75]. In these studies, the leader (defender)
aims to maximize the coverage of customer zones by relocat-
ing the facilities, while the follower (attacker) seeks to maximize
the destroy of the customer service system. These papers gener-
ally propose a variety of heuristic approaches to solve the resul-
tant discrete bilevel programming problems, and to achieve well-
performed solutions which though cannot ensure the bilevel feasi-
blity. In addition, Aksen et al. [3] and Bhadury and Eiselt [9] stud-
ied a subsidy optimization problem with multiple decision-makers.
Aksen et al. [3] formulated two bilevel programming models de-
scribing subsidy agreement between the government and the com-
pany engaged in collection and recovery operations|9]. introduced
a three-level model for a subsidized location optimization problem
where the regional planner offers a subsidy to the firm and the
firm establishes a number of distribution centers at different loca-
tions. These two papers solved their models with heuristic meth-
ods. Moreover, several researchers investigated the PPP between
a government and a private party with the objective of deliver-
ing public assets and/or services [54-56,72]. The interactions in
a PPP can be viewed as a leader-follower game and formulated
as a bilevel programming problem. These papers generally pro-
posed effective solution algorithms based on metaheuristics and
local search, or incorporated recent branch-and-bound algorithms
found in the literature to solve simulated instances.

2.3. Bilevel integer programming

In recent years, there is a growing literature on discrete bilevel
programming. Here we present a review of exact algorithms within
the branch-and-bound framework for bilevel mixed integer lin-
ear programming (BMILP) and bilevel integer linear programming
(BILP), which are mostly related to our research. An early study
is found in Moore and Bard [64], which proposed the first exact
algorithm for BMILP. Their algorithm is shown to converge in two
cases: either when all leader variables are integer, or when the fol-
lower subproblem is a linear program. Following their idea, DeNe-
gre and Ralphs [27] used the cutting plane technique to propose
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a branch-and-cut algorithm, and consequently encountered fewer
nodes in the branch-and-bound tree than Moore and Bard [64]. Xu
and Wang [85] designed an exact branch-and-bound algorithm for
BMILP with bounded and integral assumptions on the upper-level
variables. They tested their algorithm on instances with up to 920
variables and 368 constraints. Wang and Xu [84] integrated the
branch-and-bound framework with the cutting-plane technique to
present a so-called watermelon algorithm for BILP, which relies
on no additional simplifying assumptions. Based on the work of
Liu et al. [60], Xu and Wang [85] proposed an enhanced branch-
and-bound algorithm which takes advantage of the property of the
lower-level problem. Their algorithm behaves well especially for
BILP problem with complex large-sized lower-level problem. Fis-
chetti et al. [32,34] employed a group of intersection cuts valid
to BMILP under some mild assumptions to propose a branch-and-
cut algorithm and developed a new family of cuts for BMILP. Fur-
ther, Fischetti et al. [33] extended the algorithm in Fischetti et al.
[32] by suggesting new intersection cuts (e.g., hypercube inter-
section cut), which allows for nonlinear terms appearing in both
constraints and objective functions. They tested their algorithm on
more than 800 instances from the literature and demonstrated the
superiority of their algorithm. Other algorithms using cutting-plane
techniques can be found in Caramia and Mari [19], Hemmati and
Smith [42], Zhang and Ozaltin [89], and Tahernejad et al. [79]. Be-
sides using branch and bound, a few other solution methods in-
volve novel reformulations and decomposition strategies [86,88],
which include Benders decomposition [73] and parametric pro-
gramming [6,30]. However, these papers only reported computa-
tional experiments on small-sized instances.

There are multiple approaches to solve real-world BMILP prob-
lems, e.g., Caramia and Mari [20] and Zare et al. [87] for facility lo-
cation problems Dempe et al. [26];, Kalashnikov and Rios-Mercado
[50], and Dempe et al. [25] for natural gas regulation. Caramia and
Mari [20] proposed an algorithm based on decomposition that is
similar to the algorithm proposed by Saharidis and lerapetritou
[73], but the algorithm was further adapted for the control of the
leader to cope with the integrality imposed on the variables and
the bilevel structure in the facility location problem. Recently, Zare
et al. [87] proposed two strong-duality-based reformulations of the
BMILP problems with continuous linear lower-level variables. They
tested their approaches on various classes of BMILP instances, in-
cluding the bilevel facility location instance containing 40 facili-
ties and 240 products at most. Dempe et al. [26], Kalashnikov and
Rios-Mercado [50], and Dempe et al. [25] formulated their bilevel
programming problems to equivalent BMILP models. They designed
their algorithms based on a penalty-function approach and tested
their algorithms on real-world instances with dimensions up to
1000.

Another special case is a family of min-max bilevel problems,
where the leader seeks to minimize the follower’s objective. Brot-
corne et al. [15] proposed an exact algorithm with dynamic pro-
gramming and branch-and-bound technique to solve the bilevel
knapsack problem (BKP). Their algorithm can solve the BKP with
multi-dimensional variables in both the upper and the lower lev-
els, and the lower-level model containing only one constraint. Tang
et al. [80] proposed three generic solution algorithms and re-
quired leader variables to be binary, whereas the follower can be
a general mixed-integer linear program. Fischetti et al. [31] pre-
sented an exact branch-and-cut algorithm for two-person interdic-
tion games under the assumption that feasible solutions of the fol-
lower problem satisfy a certain monotonicity property. Taninmis
et al. [81] improved the x-space algorithm proposed by Tang et al.
[80] for a recent min-max bilevel optimization problem that arises
in the context of reducing the misinformation spread in social net-
works. Their algorithm even compared favorably with the algo-
rithm in Fischetti et al. [33] developed for mixed-integer bilevel
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linear programs. The above studies were only tested on randomly
generated BKP instances with dimensions up to 500.

In this paper, we propose a branching idea for BIP problems
with the upper-level decision being one-dimensional, so as to aug-
ment the standard branching rule in a branch-and-bound frame-
work. This branching idea can further carve out additional infea-
sible solutions and suboptimal solutions from the search space in
each iteration of the branch-and-bound algorithm.

3. Problem formulation

In this section, we formulate the SNrDP with a bilevel inte-
ger programming (BIP) model. Our model involves two distinct
decision-makers at two levels, namely the government at the up-
per level and the hospital group at the lower level. As a leader, the
government’s goal is to improve the performance of the trauma
care network without incurring a significant amount of subsidy
for upgrading NTCs. We quantify the network performance with
the negative effects caused by over-triage (srOT) and under-triage
(srUT) errors. As mentioned in Section 1, stOT and srUT errors are
affected by the network design. Here we introduce two real-valued
functions O(y) and U(y) to quantify srOT and srUT errors with re-
spect to any given network design y. In Section 5, we present in
detail how we perform data-driven modeling for O(y) and U(y)
with respect to a field-triage protocol suggested in the medical lit-
erature. As a follower, the goal of the hospital group, in turn, is to
maximize the marginal profit through the network redesign. We
next introduce the BIP model notation (Table 1) and present the
model.

Upper-level model (Government’s problem):

min Gov(sc.y) = (C" = C"1)0() +yU®) +osc, (1)
s.t. ZDU}/] > Zj, iel, (2)
Jjel
Sz 8lil 3)
iel
zie€{0,1}, iel, (4)
Sc € Z+, (5)

where z = {z};; are intermediate variables, and y = {yj}jej
timal to the lower-level problem denoted as £(s.) for a fixed s.
Lower-level model (Hospital group’s problem) £(s¢):

max Hos(%,y) £ =) (C/ =S (1 —Hjy;+ > CPH;(1 =)

is op-

jel Jel
+ZZE2,](RE —CT) (6)
iel jeJ
s.t. X < DUY]-, ieljel (7)
Z)Z,‘j:], iGI, (8)
je)
> Si(1—Hpyj < s, (9)
Jje
> Ti%ij = Rminyj.  j €. (10)

iel
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Table 1
Notation.
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Indices

I: set of demand nodes (e.g., zipcode, town) where traumatic injury incidents occur

J: set of hospital locations in the trauma care network

Model Parameters & Coefficients

Upper-level:

CT: unit specialty care cost for trauma patients at TC

CNT: unit care cost for trauma patients at NTC

D;j =1, if demand node i is covered by the TC at location j within a coverage-requirement-related

distance of dy; 0, otherwise

y: health hazard related cost due to delayed specialty care for a severely injured patient (result of an

srUT error)

o: weighting coefficient on government’s subsidy over its healthcare spending
§: coverage required by the government (i.e., proportion of demand nodes; 0 <§ < 1)

z;: intermediate variable which is binary

Lower-level:

Hj =1, if there is a TC originally at location j; 0, otherwise

T;: annual number of trauma incidents at demand node i

Ruin: annual patient volume required to maintain the operations of a TC

C;’: annual operating cost surplus resulting from upgrading the NTC at location j to a TC

C)D: annual operating cost saving resulting from downgrading the TC at location j to an NTC

RiTj: reimbursement payment for providing specialty care to a patient from node i to the TC at location j

D;j =1, if demand node i is covered by the TC at location j within a demand-node-related

distance of d;; 0, otherwise

S;: annualized monetary compensation for upgrading the NTC at location j (requested a priori by the

hospital group)

Decision variables

sc: annualized total amount of subsidy committed by the government to the NTC upgrading
x;j = 1, if patients from node i are assigned to TC location j for speciality care; 0, otherwise
yj=1,if a TC is at location j; 0, if an NTC is at the location

)?,»j,fje{o,l}, iEI,jE], (11)
where X = {&ij}icrjo ¥ = Ui} g

In the upper-level model, the government determines an annu-
alized amount of subsidy denoted by s.. The government’s objec-
tive function, Gov(sc,y), contains three parts: (a) additional treat-
ment cost due to srOT errors; (b) health hazard cost related to srUT
errors; and (c) subsidy. For part (a), when an srOT error occurs, a
non-severely injured patient is taken to TC and operated on with
specialty care. Thus the additional unit treatment cost is the dif-
ferential between the unit treatment costs at a TC and an NTG, i.e.,
CT —CNT, For part (b), when an srUT error occurs, a severely in-
jured patient is mistakenly taken to NTC, at which the diagnosis
shows an srUT error. Thus the eminent health hazard prompts an
immediate TC transport but it will still cause elevated morbidity
due to delayed treatment. These sequelae incur additional costs,
i.e, y is the additional costs per UT error. Note that these two
cost terms (a) and (b) are regarded as system-wide spending items
to the government, especially if only publicly funded beneficiaries
(i.e., Medicaid and Medicare patients) are considered. Thus the two
cost terms are combined with the total subsidy through a weighing
coefficient o in the government’s objective.

Constraints (2)-(4) ensure geographic coverage in the aggre-
gate sense. That is, a sufficient portion (denoted by &) of demand
nodes must be under the coverage of at least one TC within cer-
tain coverage-requirement-related distance dy, which is assume to
be independent of any specific demand node. Generally speaking,
in the common practice of policy development, the government
would always request some overall coverage threshold for the en-
tire catchment area to ensure some notion of patient safety net,
which has no direct relationship with the cause of an srUT er-
ror. Constraint (5) restricts the government’s subsidy to be positive
integer, which does not cause the loss of generality in the prac-
tical sense, since we can ensure integrality on the decision vari-

able by changing the monetary unit of the government’s subsidy.
Meanwhile, this constraint can ease the algorithm design as it pre-
vents the problem from being ill-conditioned (see the discussion
in Moore and Bard [64]).

In the lower-level model, the hospital group determines the lo-
cations for both TCs and NTCs, denoted by y, and the assignment
of each demand node to TC, denoted by x. The hospital group’s
objective function, Hos(X, j), contains three parts: (a) the cost cor-
responding to the NTC upgrading decisions, (b) the savings corre-
sponding to the TC downgrading decisions, and (c) the operational
revenue based on the assignment decisions. We specify the up-
graded and downgraded facilities with (1 — H;)y; and H;(1 —¥;),
respectively, where H; is a binary indicator of TC vs. NTC at each
location j in the original network. Constraints (7)-(8) ensure each
demand node to be assigned to only one TC within a demand-
node-related distance d;. Generally, d; denotes the threshold radius
of a circular region from demand node i. That is, the hospital group
would prefer to ensure sufficient coverage to all potential patients
for some sort of minimum level of service. Note that this differs
from the government at the upper level for that this coverage re-
quirement at the lower level is demand node specific, whereas
the government is usually only concerned with some safety per-
formance index over the entire catchment area. Constraint (9) re-
stricts the upgrading decisions by the total amount of government
subsidy. Constraint (10) specifies an additional restriction on the
assignment between demand nodes and TC locations, termed the
minimum workload assignment (MWA) rule. This rule guarantees
that a TC cannot be established at location j unless its total de-
mand quantity exceeds a required minimum workload level, de-
noted by Ry,;,- The MWA rule can lead to a set of facility location
and demand allocation decisions such that TCs would be operated
to realize sufficient use and avoid a waste of advanced medical re-
source.
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4. Solution method

The BIP problem (1)-(11) is intrinsically hard to solve, both the-
oretically and computationally. First, it is difficult to characterize
the bilevel feasible region, since the lower-level optimality con-
dition (i.e., (x,y) eargmaxg{Hos(%,y) : (7) — (11)}) must be sat-
isfied. Second, for practical values of I and J (e.g., in some U.S.
states, there are typically more than 100 TCs and NTCs combined
and more than 1000 zip-code areas), the lower-level model is a
large-scale NP-hard problem. Third, when the subsidy s. becomes
smaller, the bilevel feasible set may get smaller, larger, unchanged,
partially altered, or totally altered. Therefore, a simple iterative so-
lution approach would not work. To address the above difficulties,
we propose an exact branch-and-bound algorithm suitable to solve
real-world BIP instances in a reasonable amount of time. We con-
sider a relaxation problem of the BIP problem, which is an integer
programming problem containing both upper-level and lower-level
constraints but removing the lower-level optimality constraint. The
relaxation problem is often referred to as the high point problem
in the bilevel programming literature. It is clear that the feasible
region of the relaxation problem contains the bilevel feasible re-
gion. We thus search for bilevel feasible solutions in the feasible
region of the relaxation problem (i.e., our search space). In the al-
gorithm, we iteratively solve the relaxation problem of some node
problem and remove its optimal solution if it is deemed bilevel in-
feasible (i.e., it violates the lower-level optimality condition). Such
a procedure is a standard approach in the literature. While algo-
rithmic procedures based on high point problem are common, the
novelty of our algorithm lies in the design of a branching idea with
which more bilevel infeasible solutions can be removed from the
search space. For our problem, we only need to focus on the situ-
ations of optimality and infeasibility because the BIP problem (1)-
(11) and all the node problems are bounded. In the following, we
first introduce the necessary notation and definitions. Then we will
present our exact branch-and-bound algorithm. All proofs are pro-
vided in Appendix III.

4.1. Notation and definitions

We define R = R U {400} U {—o0} as the set that includes all real
numbers as well as positive and negative infinity. For a given set
of parameters (I, u,w € R), we define the node problem B(l, u, w)
as the following parametric BIP problem:

min Gov(sc,y),
Se. X, Y.Z

s.t. (2)—(5),
I<sc<u,
Hos(x,y) > w,
x,y) e argmax);’y{Hos()Z, ¥):(7) - (A1)},

In B(l,u,w), the subsidy is restricted by an interval [I, u] and
the net profit of the hospital group is restricted by a lower bound
w. Since 37, S;(1 - Hj)¥; < > S; and minimizing the subsidy is
one of the government’s objective, }";.;S; can serve as an upper
bound of the subsidy. Meanwhile, -3, |C§’ —S;| can serve as a
conservative lower bound of Hos(x,y), which corresponds to the
situation with only negative return. Therefore, the BIP problem (1)-
(11) is equivalent to B(0, };;S;. —Zj€]|C]U —S;1), which will be
set as the root node.

For a given set of parameters (I,u, w € R), we define a relax-
ation problem R(I,u,w) as the following parametric integer pro-
gramming problem:

Mmin Gov(sc.y).

st (2) = (5).(7) — (1),
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l<sc<u,

Hos(x,y) > w.

Notice that variables x, y here are decision variables of the gov-
ernment. R(l, u, w) depicts the situation of the government being
the sole decision-maker. In this situation, the government makes
all relevant decisions (i.e., s¢, x,y) to achieve the objective, as long
as it ensures the net profit of the hospital group to exceed w.
It is clear that the objective of the government in this situation
is better than that in B(l,u,w). R(l,u,w) is referred to as the
high point problem, which was first used in [10] for bilevel lin-
ear programming problem and then in [64] for BMILP; however,
our definition is different from theirs. In fact, R(l, u, w) relaxes the
requirement on (x,y) so that (x,y) can be any feasible solution
rather than an optimal solution to the lower-level model; as such
R(l,u,w) provides a lower bound on B(l,u,w). For any value of
(I,u,w), both iterative node problem B(l,u,w) and its relaxation
problem R (I, u, w) are bounded, because the decision variables are
all bounded in a finite set.

4.2. Bounding

Given a node problem B(J, &I, W), we solve its relaxation prob-
lem R(I, @, W) and denote (s¥, xR, yR) as an optimal solution, which
provides a lower bound on B(I, @i, W). If (xR, yR) is optimal to £(sF)
(ie., the lower-level model), then (sk, xR, yR) is a bilevel feasible
solution and provides an upper bound on B(f, iI, w). Subsequently,
we can characterize (sR, xR, yR) in association with the optimality
of B(f, i, w) as follows.

Lemma 1. Let (sR xR, yR) be an optimal solution to R(1, i, W). Then
(sR xR yR) is optimal to B(I, 1, W) if and only if (xR, yR) is optimal to
L(sP).

Lemma 1 is a well-known result which has been proved and
used many times in the literature on discrete bilevel program-
ming, e.g., Caramia and Mari [19], Wang and Xu [84], Xu and Wang
[85] and Liu et al. [60].

In R(T, I, W), the government becomes the sole decision-maker
and makes decision (s¥, xR, yR) optimizing his own objective. Thus,
in B(l, 1, W), the government could never obtain a better objective
as the hospital group would somewhat affect the government in
the negative way for her own profit maximization. If (sk, xR, yR)
happens to achieve the hospital group’s optimal objective, we
can conclude that (sR, xR yR) is bilevel optimal. Nevertheless, it
is more common that the hospital group is not “satisfied” with
(xR, yR). That is, the optimal solution to £(sR) (denoted as (xL, yl))
is strictly better than (xR, yR), ie., Hos(xL, yt) > Hos(xR, yR). Then
(sR, xR, yR) is a bilevel infeasible solution. We thus proceed with
branching to remove the bilevel infeasible solution.

4.3. Branching

In this section, we introduce a branching idea that can be
used to speed up the standard branch-and-bound algorithm for
BIP problem. Based on the branching idea, we present a branch-
ing rule for cases where (sR xR yR) is optimal to R(I, @, W) but
bilevel infeasible. The branching idea in this section tailors the
well-performed enhanced branching idea proposed by [60], but
overcomes the previous shortage of being suboptimal if there are
multiple optimal solutions in the lower-level problem.

A branching rule: Let (sk xR yR) be an optimal solution to
R(I, 01, W). Suppose (xL.yL) is an optimal solution to L(sR) but
(xR, yR) is not. The following two new node problems, denoted as
B, u',w') and B(I2,u?, w?), can be created from its parent node
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problem B, 4, w) as:
=0 u'=)"S;(1-H)s-1. w'=w
jel
P=sf+1, w?=4d, w?=Hos(x,yh).

To prove the validity of the branching rule, we first present
Lemma 2 as follows, which constructs a subspace P including
(sR, xR, y®) but no bilevel feasible solutions. We remove P from the
feasible region of R, 1, W) so as to exclude the bilevel infeasible
solution but excluding no bilevel feasible solutions. We then divide
the rest of the search space into two subspaces for the branching.

Lemma 2. Let (sR xR yR) be optimal to R([, @i, W) but bilevel infea-
sible. Suppose that (xt,y') is an optimal solution to L(sR). Then the
following subspace:

P = {(sc, X,y): Sc> ZSj(l fH,»)yﬁ, Hos(x,y) < Hos(x", yb)
il
contains (sk, xR, yR) but no bilevel feasible solutions.

Lemma 2 here uses Lemma 3 in Xu and Wang [85] for refer-
ence. Lemma 2 shows that if the government provides a subsidy
value equal to or larger than ;. S;(1 —Hj)yﬁ, and the hospital

group achieves a profit strictly smaller than Hos(xL, yL), then such
decision cannot satisfy the hospital group. Therefore, to achieve a
bilevel feasible solution, we have two choices:

(a) The government provides a subsidy value strictly smaller than
Y Si(1 = Hpy}:

(b) The government provides a subsidy value equal to or larger
than ;. S;(1 —Hj)yg and the hospital group achieves a profit
equal to or larger than Hos(xt, yb).

The two choices correspond to the following subspaces P;

(choice (a)) and P, (choice (b)), which are achieved by removing
P from the search space:

Py = {(sc,x,y) Dse<y S0 —H,-)yﬁ},

Jel

Py = {(sc,x,y) :Sc> ) Sj(1—Hj)y:, Hos(x.y) > Hos(xL,yL)}.

jeJ
Next, we present a branching idea to further reduce the search
space. Without loss of generality, we assume that S; is integer for
all j €] in the lower-level model. We present an analysis of the
lower-level model in Lemma 3 as follows.

Lemma 3. Let (xL, y') be an optimal solution to £(sR) for some sk ¢
zr I Y850 —Hj)y§ < sk then (xt,y') is an optimal solution to

£(se) for any sc € [Zjej S;(1=Hpyj. 5’5]~

Lemma 3 reminds us to search for bilevel feasible solutions
within the set

So(sk, xb, yhy = {(sc,x,y) 1S € [Zsj(l —Hj)yﬁ,sf], Hos(x,y)
Jjel

> Hos(xk, yb), (7) — (11)}.

In particular, for any (5, %,9) € So(sR, xL, y1), (X,9) is feasible to
L£(3:) and Hos(%,7) > Hos(x",y). Based on Lemma 3, (xL, yl) is
optimal to £(5.), then (X,¥) is optimal to £(5:). We select those
(8c,%,y) from Sy(sR, xL,y') such that (5% ) satisfies the con-
straints in the upper-level model so as to be bilevel feasible, i.e.,
(e, %, 9) € S1(sR, kL, y1), where

Si1(s8 x5y = {se. 2. y) 1 (5e.%,y) € So(sF. x5y, (2) — (5)}.
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Finally, we choose the element from S; (s8, xL, y!) that obtains the
optimal objective value for the upper-level model as the optimal

solution to B([, 4, W) with s¢ [ngjsj(l - Hj)yf,s’g]. We sum up
the idea above in Lemma 4 as follows.

Lemma 4. Let (x', y') be an optimal solution to L(sR) for some k. If
the following problem, denoted as Q(sR, xt, yb):

min Gov(sc,y),
Se. X, Y,Z

s.t. (2)—=(5),(7)-(11),
Hos(x,y) > Hos(xt, yb),

sc < sk,
Sc = Y Si(1—H)y’,
jel
is optimal, denote the optimal solution as (sZ x2,yQ),

then (s¢.x2,yQ) is an optimal solution to B(l, @, W) with
Sc € [Zjejsj(l—Hj)y§,sf]; Otherwise, there is no bilevel feasi-

ble solution to B(I, @i, W) with s¢ e [Zjelsj(l - H,-)y?,sf].

Based on Lemma 4, there is no better bilevel feasible solu-
tion than (s?,xQ,yQ) or no bilevel feasible solution at all within

the interval s e [Zjej S;(1 —Hj)yg,s’g]. Therefore, after removing

the subspace P from the search space, we solve Q(sR, xI, y!) and
record the solution (if there is any), and then we carve out the set

[ZH S;i(1- Hj)yé, sf] from the subspaces P; and P,. Thus the re-

maining search space is reduced to the union of the following two
subspaces P; and P5:

P = {(sc,x,y) Dse< )y S50 —Hj)yﬁ},
id

Py = [(sc,x,y) 2 Sc>sR41, Hos(x,y) > Hos(xL,yL)].

Note that P; is unchanged while P, is a strict subset of P,.

The two new node problems B(I',u!,w!) and B(I2, u?, w?) are
created accordingly from the intersections between the feasible re-
gion of the parent node problem and the two subspaces P; and
P;, respectively. Now we show that the two new node problems
are strictly tightened as opposed to the parent node problem, by
verifying (a) u! < ; and (b) 12 > [,w? > W.

For (a), we have u'=3Y,S;(1 —Hj)y§ -1<YyS0-
Hj)yﬁ < sR <. The first inequality is obvious; the second one is
valid because (xf, y') is feasible to £(sR); and the last one is valid
because (sR, xR, yR) is feasible to R(I, i, W).

For (b), we have 12 = sf + 1 > sk > [. The first inequality is ob-
vious; the second one is valid because (sR, xR, yR) is feasible to
R(I, @I, Ww). We also have w? = Hos(x!, y-) > Hos(xR, yR) > w. The
former inequality is valid by the definition of (xL, y!); and the lat-
ter one is valid because (sk, xR, yR) is feasible to R, 0, W).

Lemma 3 and Lemma 4 are suitable for the BIP with a one-
dimensional variable in the upper level and upper-level variable
appearing in the lower-level linear constraints. For such problem,
Lemma 3 and Lemma 4 can be embedded in a branch-and-bound
framework to remove more subspace from the search space with-
out carving out any better feasible solutions, thus improving the
performance of the branch-and-bound algorithm.

4.4. Fathoming

A node problem B([, i, W) can be fathomed in the following
three ways. First, as described in Section 4.2, when (sk, xR, yR), the
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optimal solution to R(I, @, W), is bilevel feasible, the node prob-
lem can be fathomed. Meanwhile, (sR, xR, yR) is saved as an incum-
bent solution (the best bilevel feasible solution found so far) to the
BIP problem (1)-(11), along with its optimal function value ¢R. We
denote the optimal function value of the BIP problem (1)-(11) as
¢* =R The second way is to verify if the optimal function value
of the relaxation problem is strictly smaller than ¢*. If it is not, the
node problem can be fathomed since it cannot have a feasible so-
lution better than the incumbent. The third way is quite straight-
forward. If the relaxation problem has no feasible solutions, then
the node problem itself must have no feasible solutions, so it can
be fathomed.

We provide a detailed algorithm description in Appendix II.
The finite termination of the algorithm is verified naturally by the
boundness of the BIP problem. The correctness of the algorithm is
stated as follows.

Theorem 1. Our algorithm outputs an optimal network design for
our SNrDP or declares the infeasibility of the input BIP instance.

The proofs of the above results are provided in Appendix IIL
Note that these results hold for BIPs with general integer variables
in both levels. To justify the computational efficiency, we in Ap-
pendix IV report an additional computational study to compare
our BIP algorithm with two state-of-the-art BIP solution methods
[33,85] on a generalized version of our subsidized network design
optimization problem.

5. A real-world case study

In this section, we conduct a case study on the subsidized
trauma care network redesign problem for a catchment area in the
midwest United State to verify the applicability of our methodol-
ogy. Firstly, we describe the data on a trauma care network in a
catchment area in the midwestern U.S., and present the BIP model
parameter values in the real-world case. Then, we report a base-
line case where sensitive parameters are set to be the mean values
of the respective value ranges. Finally, we report two sets of sen-
sitivity analysis experiments on model parameters to examine the
factors that influence the network design. We implement the algo-
rithm in Matlab and set CPLEX 12.9 as the ILP solver. We conduct
the numerical experiments pertaining to this case study on a com-
puter cluster consisting of Intel(R) Xeon(R) E5-2678v3 CPUs with
2.5 GHz and 64 GB of RAM.

5.1. The dataset

We obtain a sample of over 7000 deidentified trauma incidents
that take place in the catchment area in the midwestern U.S. in
2012, including the location (i.e., longitude and latitude) and the
field assessment (i.e., Injury Severity Score). After removing miss-
ing data, we are left with 6002 records, which is about 10% of
trauma injury incidents occurred in this area in 2012. We gener-
ate the geographic distribution of the sample incidents and con-
firm that the sample distribution is consistent with that of overall
incidents.

The trauma care network of the area includes 21 TCs and
140 NTCs. Then 161 care facility locations (J ={1,...,161}) are
geocoded in terms of their latitudes and longitudes. Then the orig-
inal network configuration (i.e., H;'s) is specified. Fig. 2 illustrates
the heat map of 6002 incidents and the location of TCs (labeled by
stars) and NTCs (labeled by crosses), which is divided by the De-
partment of Health into eight regions. Fig. 2 shows that TCs were
clustered in region 1, 2, 3, 4 and 5 (mostly metropolitan areas),
whereas the vast relatively rural area in south and southeast es-
sentially has no TCs (i.e., regions 7 and 8). To estimate the cover-
age requirement of both the government and the hospital group,
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Fig. 2. The heat map of trauma incidents and the locations of TCs and NTCs in the
original network.

we use the Haversine formula to estimate the radius of the eight
regions (i.e., d;). We set dy as the minimum value of {dj, ..., dg}.
The required coverage level of the government is set as § = 0.8,
which implies an average coverage area of dy achieving a level of
80%.

From the dataset, we acquire the number of trauma incidents
at each demand node (T;). We extract the values of financial pa-
rameters (CT,CNT,Cj.J,Cj?,R,.Tj) based on the OHSU (Oregon Health
and Science University) study and the literature [65,91]. We iden-
tify [$500,000, $1,000,000] to be the value range for annualized
monetary compensation for upgrading each NTC (S;), based on the
inputs of multiple experts [76]. Due to lack of specific numbers,
we assume the compensation does not differ among candidate lo-
cations. For the MWA rule considered, we identify [40,65] to be the
value range for the minimum workload R, [46]. In the baseline
case, we set S; to be $750,000 and Ry, to be 50.

There are two model parameters in the government’s problem,
namely y and o, which play a vital role in determining the net-
work design. Note that y quantifies the monetary loss due to the
health hazard of each srUT error. Considering that the trauma care
literature often suggests under-triage as a more critical concern
than over-triage to the government, we set y to be 10,000 in the
baseline case, which is four times as much as the coefficient asso-
ciated with over-triage (i.e., CT — CNT). Note that o reflects the gov-
ernment’s willingness to subsidize the TC upgrading in the tradeoff
of system-wide spending. In the baseline case, we set the weight
for subsidy as 0.1.

To model O(y) and U(y), we first build a high-fidelity simulator,
which emulates a field-triage decision hierarchy generalized from a
notional protocol suggested in the medical literature [43,46]. As we
elect to solve the relaxation problems in our branch-and-bound al-
gorithm by an off-the-shelf MIP solver, we then approximate O(y)
and U(y) as close-form polynomial functions with respect to net-
work design y. To construct the approximate functions, we apply
symbolic regression coupled with stratified sampling to avoid the
significant computational burden while maintaining sufficient ac-
curacy of the approximations. Meanwhile, we ensure the resultant
approximate polynomial functions of O(y) and U(y) to be accept-
able by the MIP solver when incorporated in the objective func-
tion of the relaxation problems in our branch-and-bound algo-
rithm, e.g., these functions are required to be quadratic functions.
We provide details of the simulator and the approximation func-
tions construction in Appendices V and VI respectively.

For any given network y, we ran the high-fidelity simulator to
calculate the number of srUT errors U(y) and srOT errors O(y). We
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Fig. 3. Heat maps of mistriage (srUT on the left and srOT on the right) in the orginal network.

Table 2
The optimal network redesign in the baseline case.
TCs/NTCs up/down N-Impro S¢
17/144 8/12 11.14% 6
Table 3
Sensitivity analysis results based on y /o.

oly 5000 7500 10,000 12,500 15000

0.01 158 134 134 116 109
2283 2399 2399 2546 2580
11.14% 10.36% 11.38% 11.21% 13.06%
15 19 19 18 20
4.5 7.5 7.5 5.25 7.5

0.1 158 138 138 116 109
2283 2388 2388 2546 2580
11.14% 10.25% 11.14% 11.21% 13.06%
15 17 17 18 20
4.5 6 6 5.25 7.5

1.0 158 153 153 153 143
2283 2333 2333 2333 2339
11.14% 10.28% 10.64% 10.96% 12.95%
15 15 15 15 16
4.5 4.5 4.5 4.5 5.25

define the “network improvement” of y as

(€ - C")(OH) —0(y) +y UH) ~U®W))
(CT —C"T)O(H) + yU(H)

where H denotes the original network.

x 100%,

5.2. The optimal network redesign in the baseline case

Using our algorithm, we solve the real-world instance in the
baseline case. Table 3 presents the details of the optimal network
redesign in the baseline case, including the numbers of TCs and
NTCs (labeled as “TCs/NTCs”), the numbers of NTC upgrading and
TC downgrading (labeled as “up/down”), the network improvement
(labeled as “N-Impro”), and the value of subsidy s. (in million dol-
lars). Fig. 3 and Fig. 4 show the heat maps of mistriage in the orig-
inal network and the redesigned network, respectively. We have
four observations as follows.

Observation 1. In the redesigned network, some NTCs have been
upgraded to TCs in regions 1, 3, 7 and 8, where the volume of srUT
errors is high and TCs are absent. As a result, the srUT errors are re-
duced at the corresponding positions.

Observation 2. In the redesigned network, some TCs have been
downgraded to NTCs in regions 1, 2, 3, 4 and 5, where the volume of

srOT errors is high and TCs are clustered. As a result, the srOT errors
are reduced at the corresponding positions.

In the redesigned network, there would be 12 TC downgrad-
ing and 8 NTC upgrading, which corresponds to a modest decrease
on trauma specialty care capacity. But a subsidy of 6 million dol-
lars would be needed to incentivize the geographic redistribution
of trauma care facilities. It suggests that the main issue to this area
is not a lack of trauma specialty care capacity, rather it is about
finding ways to better distribute TCs.

Observation 3. The upgrading of NTCs may result in an increase
of srOT errors in the surrounding areas. For example, the upgrading of
three NTCs in region 8 has resulted in an increase of srOT errors at
the corresponding position.

Observation 4. The downgrading of TCs may result in an increase
of srUT errors in the surrounding areas. For example, the downgrading
of two TCs in region 5 has resulted in an increase of srUT errors at the
corresponding position.

There is a tradeoff between NTC upgrading and TC downgrad-
ing, since NTC upgrading (TC downgrading) may result in an in-
crease of srOT (srUT) errors. The optimal upgrading/downgrading
decisions are made based on a consideration between the nega-
tive effect of srOT errors and srUT errors. Overall, in the optimal
network redesign, both srUT and srOT errors would decrease, as-
sociated with a “network improvement” value of 11.14%.

To point out the differences between decision-making under
the bilevel framework and the relaxation problem (i.e., the situ-
ation where the government is the sole decision-maker), we cal-
culate the optimal values achieved by the government and the
hospital group. The government can achieve an objective value of
about 1.200 x 107 in the relaxation problem and 1.335 x 107 in the
bilevel program. The hospital group can achieve a profit value of
about 2.300 x 107 in the relaxation problem and 3.025 x 107 in the
bilevel program. That is, the government’s objective value is up by
more than 11% when it is the sole decision-maker; whereas the
hospital group’s objective value is up by more than 30% when its
voice also must be heard.

5.3. Sensitivity analysis

We then conduct sensitivity analysis on y /o and Ry;,/S; to as-
sess how the identified network redesign and associated metrics
would be affected. For y, we consider values 5000, 7500, 10000,
12500, and 15000, which equals two, three, four, five, and six times
of the weight assigned to over-triage errors. Larger y values imply
increased preference of the government towards srUT error reduc-
tion. For o, we consider values 0.01, 0.1, 1.0. Larger o values im-
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Fig. 4. Heat maps of mistriage (srUT on the left and srOT on the right) in the redesigned network.

Table 4
Sensitivity analysis results based on Ry;n/S;.
Parameter uT oT N-Impro TC Se
Ruin 0 116 2546 8.43% 18 5.25
50 138 2388 11.14% 17 6
100 138 2388 11.14% 17 6
150 - - - - -
S;j 0.5 128 2514 7.94% 16 3
0.75 138 2388 11.14% 17 6
1.0 138 2388 11.14% 17 8

ply the government is less willing to spend on the subsidization.
Table 4 reports the optimal solutions. In each cell, the five values
from top to bottom report the number of srUT errors, the number
of srOT errors, the network improvement value, the number of TCs,
and the subsidy amount (in million dollars).

With the sensitivity analysis on y /o, we have the following ob-
servations.

(a) When y increases, the number of srUT errors decreases
whereas the number of srOT errors increases. This observation
confirms the intuition that the network redesign would reduce the
number of srUT errors as the value of y increases (i.e., the harm
of srUT is regarded more critical).

(b) When o decreases, the number of TCs, number of srOT er-
rors, network improvement value, and subsidy amount all increase,
whereas the number of srUT errors decreases. For example, when
y = 15,000, as o decreases from 1.0 to 0.1, the number of srOT
errors increases by 241 while the number of srUT errors decreases
by 34, which results in network performance increase from 12.95%
to 13.06%. This suggests that if the government is more willing to
subsidize (small o), the corresponding optimal network redesign
would achieve larger relative improvement over the baseline. In
other words, subsidization can be a key measure to improve the
network performance.

For Ry, we consider values 0, 50, 100 and 150. For Sj, we con-
sider values 0.5, 0.75 and 1 million dollars. Table 5 reports the op-
timal solutions: the numbers of UT and OT errors, the network im-
provement value (labeled as “N-Impro”), the number of TCs, and
the subsidy amount s. (in million dollars).

With the sensitivity analysis experiments based on Ry,;,/S;, we
have the following observations.

(a) When R, increases from O (which corresponds to no min-
imum workload concern), the number of TCs decreases and the
network improvement value increases. When R,,;, continues to in-
crease, the results no longer change, until there is no solution
when R, reaches 150.
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(b) When §; increases from 0.5 million dollars to 1 million dol-
lars, the number of TCs, subsidy amount, and network improve-
ment value all increase.

Our results based on R, suggest that it is critical to set this
value appropriately as it has substantial impact on the network im-
provement. The results based on S; suggest that an increase on the
requested monetary compensation can help improve the network
performance.

6. Conclusions

In this paper, we study a subsidized trauma care network re-
design problem considering two decision-makers, the government
and the hospital group. We aim to identify a promising network
redesign plan that includes the amount of government subsidy, the
location of TCs/NTCs, and the assignment of demand nodes to TCs.
Our goal is to reduce system-wide health hazard due to under-
triage errors and unnecessary care cost due to over-triage errors,
without requiring a large amount of government subsidy for the
network redesign.

We employ bilevel integer programming to model the subsi-
dized network design optimization problem. Discrete bilevel pro-
gramming models are challenging to solve, especially for large-
scale instances. In this paper, we leverage a novel branching idea
that can exclude additional infeasible solutions and suboptimal so-
lutions at each iteration. Generally speaking, our branching idea
can be embedded into any standard branch-and-bound framework
to speed up the algorithm. Compared with a well-performing ex-
act solution algorithm in the literature, we verify the efficiency of
our branching idea with randomly generated instances. Using our
methodology, we conduct a case study based on real trauma in-
cident data and geography information. Our case study calls for
a more scattering pattern of locating TCs in this area, by which
one can see an overall improvement of around 11%. More encour-
agingly, such improvement is especially worthwhile when the ten-
sion is largely due to poor TC access of rural residents and pro-
nounced health risks associated with it.

Our work is of significant relevance to public policy. Care for
trauma injuries and other types of sudden injuries is of undeni-
able criticality to regional/district governments worldwide, includ-
ing department of public safety and agency of family and social
administration. Nevertheless, under a market economy, the gov-
ernment is not a care provider, but a potentially care financier.
Hence, it is important from a policy viewpoint to wisely address
the public-private tension, which is key in general to spatial re-
distribution of trauma specialty care resource. In this work, we in-
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vestigate the viability of government subsidization to facilitating
care network redesign and to ensuring system-wide improvement
in both reducing health risks and curbing care spending.

We can extend the subsidized discrete location optimization
model studied in this paper to many public sector OR research ar-
eas, and address the need of effectively establishing public-private
partnership for aligning location-specific multi-class service de-
mands within a location-specific multi-class service network. This
may be especially useful when the common impression is that the
overall system-wide service capacity is insufficient. Instead of in-
creasing the overall capacity blindly, our methodology can lead to
a socioeconomically beneficial solution as it can help improve the
geographic distribution of the capacity such as appropriate services
are more likely delivered at the right time to the right place.

Our future research can be undertaken in the following direc-
tions. First, it could be more accurate to discard the approxima-
tion functions for estimating O(y) and U(y). Instead, we will in-
corporate pricing in the bilevel optimization framework based on
our high-fidelity simulator so as to evaluate and generate promis-
ing network designs “on the fly”. Second, there exists an alter-
native setting where the government is allowed to determine a
subsidy “menu” for NTC upgrading rather than requesting S;, the
asking price on upgrading each NTC in the hospital group, in ad-
vance. The resultant bilevel programming is much more difficult to
solve for the appearing nonlinear constraints linking the two levels,
ie, in constraints 3. S;(1 - Hj)J; < sc, Sj's are upper-level deci-
sion variables and j;’s are lower-level decision variables. Third, in
a more resource deprived catchment area, specialized trauma care
need should be assessed periodically and some form of resource
rationing may be needed through allocating the resource to differ-
ent locations. Thus, it would be interesting to combing the deci-
sion making of these two aspects in this tiered network: location-
specific capacity planning and facility location analysis. Fourth,
there can be multiple hospital groups that have independent au-
thorities and competing interests on network redesign. Therefore,
we plan to study the subsidized network redesign problem with
two or more decision-makers at the lower level for future research.
Finally, conducting more real case studies based on other areas
(e.g., Indiana, USA) and with consideration of additional important
policy concerns (e.g., geographic fairness) is an interesting topic for
future research. Now, some of us are actively collaborating with
the Division of Trauma System/Injury Prevention Program at the
Indiana State Department of Health and their scientific advisory
board.
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Appendix A. Real-world scenarios

An 86-year-old male was involved in a motor vehicle crash
in a rural part of southeast. Given that he could not open his
eyes, exhibited no verbal communication, and had an altered level
of consciousness, the EMS personnel determined his injuries se-
vere enough to require immediate trauma care. Because the clos-
est trauma center was nearly an hour away, he was transported in
an ambulance to the nearest community hospital (non-trauma cen-
ter). Although he was eventually transferred from this hospital to
that trauma center a day later, due to the significant delay in spe-
cialty trauma care (i.e.,, comprehensive care for the full spectrum
of injuries beyond the initial assessment and resuscitation phase),
he succumbed to his injuries.

In another scenario, a 30-year-old female fell down during an
early morning jog in the downtown of a metropolitan city. Al-
though her injuries were not severe, considering the cluster of
trauma centers in the vicinity, she was transported to one of them
(10 minutes away), instead of an appropriate non-trauma center
(only 15 minutes away). She was discharged home the very next
day from this hospital. A few days later, she received a medical bill
of over $24,000, out of which nearly $11,000 was associated with
the fixed cost of visiting that trauma center.

So could the male patient’s life be saved if a trauma center was
located much closer to the scene? Could the female patient be sent
to a non-trauma center just a few more minutes away and not be
slapped with a huge medical bill instead? Could the time spent on
her be better utilized by the trauma staff towards caring for other
sicker trauma patients at that hospital? Such questions motivated
our research on optimizing the trauma care network design.

Appendix B. Algorithm Description

We present our exact branch-and-bound algorithm, which out-
puts a global optimal solution (s}, x*,y*, *) to the BIP problem
(1)-(11) as follows. (s =0, x* =0, y* =0, {* = +o0) denotes the
infeasible case. z records the relaxation problem’s objective value
for bounding purpose and A denotes the set of active nodes in the
branch-and-bound tree.

Appendix C. Proofs for the Algorithm

PROOF of LEMMA 1. The “only if” direction is a direct result of
the bilevel optimality of (sR, xR, yR). For the “if” direction, (xR, yk)
being optimal to £(sR) implies that (sk, xR, yR) is a bilevel feasi-
ble solution to B(f, i, w), and thus it provides an upper bound
on B(I, i, w). Meanwhile, (sf, xR yR) achieves a lower bound on
B(I, 4, W) since (sk,xR yR) is optimal to R(I, @i, W). Therefore, the
“if” statement follows. The proof of Lemma 1 is completed. W

PROOF of LEMMA 2. Since (xL,y') is an optimal solution
to £(sR) but (xf,yR) is not, we have Y, S;(1 —Hj)y§ <sR and
Hos(xR, yR) < Hos(xL, yb), that is (s, xR, yR) € P. For any (5., %,¥) €
P, we show that (x,y) cannot be optimal to £(S.). Actually, we
have 3, S;(1 - Hj)y§ < 5. and Hos(X,y) < Hos(xL, yL). This implies
that (xL,yl) is a feasible solution to £(5;) and superior to (X, ).
The proof of Lemma 2 is completed. B

PROOF of LEMMA 3. |If there

[Zjejsj(l—Hj)yg,s’g] such that (xL,yl) is not optimal to

exists some s0e

£(s?), then there exists some (x%,y0) satisfying constraints
(5)-(9) and Hos(x°,y%) > Hos(xt,y%). Then we have that
Zjejsj(l—Hj)yﬁgsogs’g, which implies that (x°,y9) is also
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feasible to £(sk) and Hos(x?,y%) > Hos(xt, y*). This violates the
optimality of (x, yt) for £(sk). The proof of Lemma 3 is completed.
| |

PROOF of LEMMA 4. If (s2,x2,yQ) is optimal to Q(sR, xL, yb),

then s¢ e [stjsj(l —Hj)yﬁ,s’g] and Hos(x<,yQ) > Hos(xL, yb).

Following Lemma 3, we have (x2,yQ) is optimal to £(s).
Since (s&,xQ,yQ) satisfies (2)-(3), (s&,x2,yQ) is bilevel feasi-
ble. Further, (s&,x2,yQ) is bilevel optimal to B([, @, W) with s; e
[Z]-EJS]-(] —Hj)yf,s’g] since (s, x2,yQ) is optimal to Q(sk, L, yL).
The proof of Lemma 4 is completed. B

PROOF of THEOREM 1. We prove the theorem by showing the
correctness at all decision points in the algorithm.

Steps 1(a), 1(b), 1(c), 2(a), 2(b), 2(c), 3(a) and 3(d) are standard
procedures in a branch-and-bound framework.

Step 3(b) shows that if sc = 3", S;(1 — H]-)yg, we only need to
test if (sR, xL, y1) is bilevel feasible and superior rather than solving
Q(sR, xL, y1) before branching.

Step 3(c) determines that (s?,xQ,yQ) is a superior solution
based on Lemma 4.

Step 4 carves out a piece of the (sc, x,y) space from the feasi-
ble region of the current node and creates two new subproblems
based on the branching rule.

The proof of Theorem 1 is completed. B

Appendix D. Algorithm description and computational results
for a generalized BIP formulation

To systematically investigate the performance of our algorithm,
we generalize the BIP formulation for the subsidized network re-
design problem and adapt our exact branch-and-bound algorithm
to it in this appendix. We report a numerical study that compares
our algorithm with two state-of-the-art general-purpose BIP solu-
tion methods [33,85].

This generalized BIP formulation is such that the upper-level
problem contains only one integer decision variable; the upper-
level decision variable should only be involved in one lower-level
linear constraint; and both the upper- and lower-level variables are
bounded. The generalized BIP formulation is thus presented as fol-
lows:

QWF&JL

s.t. Aix+ By < by,
0<x<X,
X e,
y € arg maxy{f(¥) : Axx+BoJ < by, BsJ < b3,0 <J <Y, j e Z™},

where Aq,bq € RMx1 By e R™M>M X cZ., Ay,by €Z, By € VARLR
B3 € Rmzxnz, b3 € RmZX], Ye Z12X1.

The lemmas and theories proposed in Section 4 can be ex-
tended to the generalized BIP formulation. In the following para-
graph, we provide the formulation of B([, i, W), R([, i, W), £(xF),
Q(xR, yb), and the related “ branching rule” for the generalized BIP
formulation, since they are crucial for the implementation of the
algorithm.

The node problem B(l, u, w) can be formulated as follows:

QyF@JL

s.t. Aix+ By < by,
0<x<X,
X e,
y € arg maxy{f(¥) : Axx + BoJ < by, BsJ < b3,0 <J <VY,j e Z™},
I <A <u,

12

Omega 119 (2023) 102885

fy) =w.

The relaxation problem R (I, u, w) can be formulated as follows:

F(x.y).

A1Xx+ By < by,
0<x<X,
Xe,
A2X+Bzy§b2,
B3y < bs,
0O<y<y,
yez®,

I <Ax <u,

fy)=w.

The lower lever problem £(x®) can be formulated as follows:
max f(),

s.t. AzXR + Bzy < bz,
B3y < bs,
O=<y<Y,
yezm.

min
Xy

S.t.

The problem Q(x®, y!) can be formulated as follows:
min F(x.y),
s.t. Aix+ By < by,
0<x<X,
X e Z,
Axx+ By < b,
B3y < b3,
O=<y=Y,
yez®,
f) = foh.

AzXR <Axx < bz - BzyL.

A branching rule: Let (xR y®) be an optimal solution to R, 4, W).
Suppose y* is an optimal solution to £(xR) but yR is not. The following
two new node problems, denoted as B(I',u!,w') and B(I%, u2, w?),
can be created from its parent node problem B(f, i, W) as:

M=by,—By'+1, u'=d, w'=w;

P=1 u?=AxR-1,

w? = f(h).

We present our exact branch-and-bound algorithm for the gen-
eralized BIP formulation (denoted as “the BIP problem” in the algo-
rithm) as follows. The algorithm outputs a global optimal solution
x*,y*,¢*). (x* =0,y* =0, {* = +oo) denotes the infeasible case. z
records the relaxation problem’s objective value for bounding pur-
pose and N denotes the set of active nodes in the branch-and-
bound tree.

We implemented the algorithm in Matlab and set CPLEX 12.9
as the ILP solver. The computational experiments were conducted
on a desktop computer with 2.29GHz CPU and 8 GB of RAM. In
view of a tractable BIP relaxation problem, we considered linear
functions for the objective functions in the upper and the lower
level as follows:

F(x,y) =c'x+dly,
fy) =djy.



S. Liu, N. Kong, P. Parikh et al.

Omega 119 (2023) 102885

Notional Field Triage
Protocol

For 188>15

For 18815

Yes: Transport

to TC via road

Access threshold by road
Is a TC accessible within a
prespecified time by road?

Access threshold by air
Is a TC accessible within
a prespecified time by air?

Jes helicopter

available?

Yes : Transport
to TC via air

No: Transport to
NTC via road

N Yes: Transport

to NTC via road

Bypass threshold
Is an NTC accessible to allow
bypassing a TC by road?

No: Transport
 to TCviaroad

or

Fig. A.1. Notional field triage protocol.

Table D1

Average computation time (in seconds).
ny 5000 6000 7000 8000 9000 10000 20000  Average
MIX+ 5326 7697 12141 11135 15326 - - -
Alg® 96 216 762 1002 1735 2020 10019 2264
Alg® 70 147 475 605 914 1094 4414 1103

where c e R, dq,d; € R2*1, We created 7 sets of instances with
n; =mq; =1, ny € {5000, 6000, ..., 10000, 20000}, and m, = 0.1n,.
For each (ny, my) pair, we randomly generated 10 instances. Thus
there were 70 instances in total. The upper-level and the lower-
level elements are all integers or real numbers which are uni-
formly distributed within a certain range: c,d; and d, are within
the set [-50,50]; by is within the set [30,130]; b, and bs; are
within the set [10,110]; Ay, B, Ay, B, and Bs are within the set
[0,10]. x and y have bounds set to be X = 1000 and Y = 1000"2,
respectively.

We solved the instances by three methods. The first method,
labeled as MIX++, is based on the algorithm proposed by [33],
which utilizes intersection cuts. The second method, labeled as
AlgB, implements the branching rule proposed by [85]. Finally, our
method, labeled as AlgE, employs the enhanced branching rule.
In the literature, MIX++ has shown the best performance among
tested instances. For MIX++, we used a solver coded and made
publicly available by the authors in [33]. We self coded other two
methods, which differ by the branching ideas (i.e., AlgB follows
Lemma 2 and Lemma 3, and AlgE follows Lemmas 2-4 as an en-
hancement). Table D.5 reports the average computation times (in
seconds) of MIX++, Alg® and AlgE for each set of 10 instances. “~”
denotes that MIX++ cannot solve the instances of size n, = 10000
and n, = 20000 within 20,000 wall-clock seconds. In the last col-
umn, the average computation times of AlgB and AlgE for all 70
instances are reported. Our results show that AlgE can outperform
AlgB by 27% to 56% on the average computation time among the
instance sets, and by over 51% on average over all the 70 instances.
On the other hand, the results show that MIX++ is not suitable to
solve the BIP instances of the type we study in this paper. The ad-
vantage of AlgE is more noticeable as the size of the lower-level
model (n,) increases.

The 70 instances created in this section as well as our solutions
were posted online at https://engineering.purdue.edu/KongLab/
research/BILPInstances/.
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Appendix E. A high-fidelity simulator

A high-fidelity simulator for system-related under-triage and
over-triage errors was developed by one of the authors and his
colleagues. It is based on a notional field triage protocol, adapted
from that in [46]. The protocol captures the hierarchical decision-
making process that the EMS providers are recommended to use
during field triage.

To model the EMS decisions based on transport times, we intro-
duced two threshold values: (i) “access” threshold (time based) for
transport to a TC and (ii) “bypass” threshold (time based) for trans-
port to an NTC. The first threshold value helps determine if a case
would lead to an srUT error. That is, if the attending patient were
severely injured, it would be an srUT error. The second threshold
value helps determine if a case would result in an srOT error. That
is, if the attending patient were non-severely injured, it would be
an srOT error. Further, in line with the existing trauma literature,
we used Injury Severity Score (ISS) as an index for the severity of
injuries at the scene. ISS is a post-hoc metric evaluated after the
patient’s arrival at the hospital. Note that while the first thresh-
old was used in [46], whereas the second one has never been dis-
cussed in the literature. In that sense, our notional protocol is more
general than previous work. In addition to our review of the liter-
ature, we also made observations at a leading EMS agency in our
region. Fig. A.1 shows a schematic of the notional protocol.

According to the notional protocol, for severely injured patients,
the EMS staff first check if a TC is accessible within the “access”
threshold. If yes, then the patient is transported to the TC. If no,
then they check if an air ambulance can be called in to trans-
port the patient to the nearest TC. However, if the sum of the
inbound-to-scene, loading, and transport-to-TC is higher than the
“access” threshold, then the EMS would most likely take the pa-
tient to a nearby NTC, resulting in an srUT error. On tho other
hand, non-severely injured patients should be taken to an NTC, if
the additional time to reach a TC is within the “bypass” thresh-
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Algorithm 1

Algorithm 2

Step O (Initialization): Create the root node B(I% u% w?), which
is parameterized by 1°=0,u®=3;S; w’=—-3 g IC] —S;l.
Initialize s = @, x* = 0, y* = 0, {* = 400, N = {B(1°, u®, w0)}, and
20 = —o0. Go to Step 1.

Step 1 (Node management): For any node problem B(I¥, uk, wk) e
N such that zK > ¢* or I¥ > uk, remove node B(I¥, uk, wk) from
N.
if /' = ¢ then

if s # ¢ then
1(a) return (s¥, x*,y*, ¢*) is an optimal solution to the BIP
problem (1)-(11).
else
1(b) return the BIP problem (1)-(11) is infeasible.
end if
else
1(c) select a node B(I¥, uk, wk) from A, set (I = I¥, il = uk,
wk), remove the node from V. Go to Step 2.
end if
Step 2 (Relaxation): Solve R ([, @i, W).
if R(I, @i, W) is infeasible then
2(a) go to Step 1.
else
let (sR xR, yR) denote an optimal solution to R(I, il, W).
if Gov(sR, yR) > ¢* then
2(b) go to Step 1.
else
2(c) go to Step 3.
end if
end if

Step 3 (Lower level): Solve £(sR), and denote the optimal solution
as (xtyh)
if Hos(xR, yR) = Hos(xt, y-) then

3(a) update (st =sR x* =xR y* =yR ¢* = Gov(sk, y®)), and
go to Step 1.
else
if i1 jy Gy = 811| and Gov(sf. x', y*) < ¢* then
update st = sk x* =xL, y* = yL, ¢* = Gov(sR, yb)
if Gov(sR, yR) > ¢* then
3(b) go to Step 1.
end if
end if
if sf>3,,S;(1 —Hj)y§, Q(sR xL, yb) is optimal (denote the
optimal solution as (s, x2,y2)), and Gov(sZ,y2) < ¢* then
update st =52, x* = xQ, y* = yQ, ¢* = Gov(sZ, y?)
if Gov(sR, yR) > ¢* then
3(c) go to Step 1.
end if
end if
3(d) go to Step 4.
end if

Step 4 (Branching): Create two new nodes based on the branch-
ing rule, set their value of z to be Gov(sk, y*), and add the two
new nodes to N, and go to Step 1.

old, then the EMS often takes the patient to the TC, resulting in an
srOT error. The reasons for such an srOT error can vary; TC's rep-
utation, the-bigger-the-hospital-the-better-the-care, patient/family
choice, insurance situation, and even negotiated contracts between
the EMS and TC.

This high-fidelity simulator was used in our study as a compu-
tational tool to evaluate O(y) and U(y) for any arbitrary network
design y. When y changes, the nearest TC and NTC may change
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Step 0 (Initialization): Create the root node B(I°, u®, w?), which is
parameterized by [© = min{0, A,X}, u% = max{0, A,X}, w0 = —cc.
Initialize x* =@, y* =0, {* = 400, N = {B(% u®, w9)}, and 20 =
—o0. Go to Step 1.

Step 1 (Node management): For any node problem B(I¥, uk, wk) ¢
N such that z¥ > ¢* or I¥ > u*, remove node B(I¥, uk, wk) from
N.
if V' = ¢ then

if x* # ¢ then
1(a) return (x*,y*,¢*) is an optimal solution to the BIP
problem.
else
1(b) return the BIP problem is infeasible.
end if
else R
1(c) select a node B(I¥, uk, w*) from N, set (I = I¥, i = uk,
wk), remove the node from A. Go to Step 2.
end if
Step 2 (Relaxation): Solve R, 4, W).
if R(I, @, W) is infeasible then
2(a) go to Step 1.
else
let (xR, y®) denote an optimal solution to R ([, &, W).
if F(xR, yR) > ¢* then
2(b) go to Step 1.
else
2(c) go to Step 3.
end if
end if

Step 3 (Lower level): Solve £(x®), and denote the optimal solution
as yk
if fOF) =f(") then
3(a) update (x* = xR y* =yR ¢* = F(xR, yR)), and go to Step
1
else
if A;x® + Byl <b; and F(xR, y1) < ¢* then
update x* = xR, y* = yL, ¢* = F(xR, y1)
if F(xR y®) > ¢* then
3(b) go to Step 1.
end if
end if
if A,xR 4+ byt < by, Q(xR, yL) is optimal (denote the optimal
solution as (x2,y?)), and F(x¢,y?) < ¢* then
update x* = x2, y* =y, ¢* = F(x<,yQ)
if F(xR, yR) > ¢* then
3(c) go to Step 1.
end if
end if
3(d) go to Step 4.
end if
Step 4 (Branching): Create two new nodes based on “A branching
rule”, set their value of z to be F(xR, y®), and add the two new
nodes to N, and go to Step 1.

w =

for each demand node. However, this simulator does not provide
closed-form expressions of O(y) and U(y) with respect to y. There-
fore, to solve the bilevel integer programming efficiently, we re-
placed them with closed-form approximations.

Appendix F. Approximations of U(y) and O(y)

To efficiently solve the bilevel integer programming problem,
we replaced the high-fidelity simulator of srOT and srUT er-
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rors with its respective approximations of U(y) and O(y). To
fully quantify the mappings y — O(y) and y — U(y), we need
to evaluate each y from a total of 216! candidate designs (i.e.,
{(y],...,ym)}yje{oj},jﬂw]m) based off the 161 candidate facil-
ity locations in the area. We considered that it is computationally
prohibitive to perform bilevel integer optimization upon the indi-
vidually based simulator over a large cohort of trauma incidents.
Hence, we first resorted to a response surface approach with a
carefully designed stratified sampling scheme.

We divided the whole sample space into 7 strata. In the 1st
stratum, we flipped the trauma care designation (i.e., from TC to
NTC; from NTC to TC) at only one location on the basis of the
original network design, denoted as y°. This resulted in 161 sam-
ples in the 1st stratum: {y!,...,y!6'}. We took all the samples
and computed |Uy*) —U@®)|+ |0(y*) —0(O)| for each sample
yk, k=1,...,161, with O(y) and U(y) being outputs of the sim-
ulation. We then ranked the locations based on the above value in
a descending order. We then identified 23 one-move redesigns on
the top of the list based on some threshold. We labeled the 23 cor-
responding locations as significant and the other 138 locations as
non-significant. We denoted yP to be the network design with the
designations of all 138 non-significant locations changed simulta-
neously.

In the 2nd stratum, we flipped the designations of 2 to
6 locations among the 23 significant locations based on y°
and yP, respectively. There are 2(C3; +C3;+...+C5;) samples
in the 2nd stratum. We used random sampling to evaluate 20
samples (sample network designs) from this stratum via the
simulation.

In the 3rd stratum, we flipped the designations of 7 to 10 lo-
cations among the 23 significant locations based on y° and y®,
respectively. There are 2(CJ; +C5; +...+Cl2) samples in the 3rd
stratum. We used random sampling to evaluate 20 samples from
this stratum via the simulation.

In the 4th stratum, we flipped the destinations of 11 to 13 lo-
cations among the 23 significant locations based on y° and y”, re-
spectively. There are 2(C}} +Cl2 + C13) samples in the 4th stratum.
We used the uniform random sampling to evaluate 20 samples
from this stratum via the simulation.

In the 5th stratum, we flipped the designations of 14 to 17 lo-
cations among the 23 significant locations based on y° and y®,
respectively. There are 2(C}§ +C}3 +...+Cl}) samples in the 5th
stratum. We used random sampling to take 20 samples from this
stratum via the simulation.

In the 6th stratum, we flipped the designations of 18 to 23
locations among the 23 significant locations based on y° and y®,
respectively. There are 2(CI§ +Cl3 +...+C%) samples in the 6th
stratum. We used random sampling to take 20 samples from this
stratum via the simulation.

The 7th stratum is a complementary set of the previous six
strata. In this stratum, we flipped the designation of at least one
but not all the locations among the 138 non-significant locations
together with at least one of the 23 significant locations based
on y°. In addition, we flipped the designation of at least two of
the 138 non-significant locations based on y°. There are (C}38 +

ACED (T4 + ) + (Chg + ... +C38) samples from the
7th stratum. We used random sampling to evaluate 20 samples
from this stratum via the simulation.

In summary, we took a total of 402 samples along the above
sampling process, which correspond to 402 samples candidate
network designs y’s. With the help of Eureqa (www.nutonian.
com/products/eureqa/), a symbolic regression software package, we
conducted symbolic regression to fit the two closed-form functions
y vs. O(y) and y vs. U(y). We chose the approximations of U(y)
and O(y) based on the output fit and size values.
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