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ARTICLE INFO ABSTRACT

Keywords: Modern systems are operating under dynamic environments and the components therein often exhibit positively
Reliability correlated lifetimes. Moreover, due to various practical reasons such as the load sharing mechanism, it is not
Complex system uncommon that lifetimes of some components dominate the others within the same system. In this study,

Exponential dispersion process
Cumulative exposure model
Generalized pivotal quantity

we first propose a statistical model for system reliability evaluation by jointly considering the correlated
component lifetimes and the lifetime ordering constraints. In specific, the effects of the dynamic environments
are incorporated by modelling the cumulative hazard function as an exponential dispersion process and the
lifetime ordering constraints are modelled by truncating the support of the joint lifetime distribution. We then
discuss the statistical inference based on the proposed model. The point estimates of the model parameters as
well as the lifetime quantiles are obtained by the maximum likelihood method, and the confidence intervals are
constructed by using the generalized pivots. Extensive simulation show that the proposed interval estimation
procedures can achieve accurate coverage even under small sample sizes. Two real examples are used to
illustrate the proposed modelling and estimation framework.

1. Introduction second assumption commonly adopted in the RBD procedure is that the
components are operating under the time-invariant environment [e.g.,

1.1. Background and motivation 7-9]. Nevertheless, this assumption is neither appropriate in practice
as the operating environmental conditions are inevitably changing

Modern complex systems normally consist of a variety of compo- over time. Typical examples include environmental variables such as
nents. The traditional method to evaluate the system reliability is to use temperature and humidity, which usually exhibit daily and seasonal
the reliability block diagram (RBD) [1,2], where the components are patterns. As another example, the dissolved oxygen, the salinity and the
connected and drawn in parallel or series configuration. By assuming  py Jevel in the sea water are often different from day to night. If the

that the component lifetimes are independent, the system reliability can
be readily obtained based on the components reliability. Although the
RBD method is intuitive and simple to implement, its application in
practice has to be very cautious.

One major concern of RBD comes from the independent assumption
of the component lifetimes. This assumption is commonly imposed
to simplify the reliability evaluation but it is untenable in many real
applications. In practice, the ageing processes of components in the
same system are often correlated and hence the components’ life-
times are statistically dependent. In fact, the dependent or correlated
component failures have been observed in a variety of application
areas including the software system [3], the distributed computing the lifetimes of the front and rear brake pads, which work in series,
system [4], the medical system [5], and the network system [6]. The from a fleet of 35 taxis. These taxis were owned by the same company

systems are operating under such environments, the ageing processes
of their components are dynamically changing as well. In summary, the
estimation of system reliability can be significantly biased if the effects
of component lifetime dependence and dynamic operating environment
are neglected.

The research to be proposed is motivated by a real example from the
automobile industry. The braking system is an important subsystem of
a vehicle and it allows the drivers to slow down and stop the vehicle
as they see fit. When the brake pedal is engaged, ultimately the brake
pads function on the four wheels and halt the vehicle. Fig. 1 shows
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Fig. 1. Lifetime of rear brake pads as the function of the lifetime of the front brake
pads.

and they were operated in the same city in 2013. Because the failure
of the brake pads is mainly due to wear, the braking action plays the
dominating role in affecting their lifetimes. In practice, the presence
of braking depends on many factors such as road conditions, speed
limits, obstructions and driving habit. In other words, the operating
environment of the brake pads is time-varying. Moreover, the figure
indicates a positive correlation between the lifetimes of the front and
rear brake pads, as short/long lifetimes of the components often appear
in pair. At last, the figure also suggests that the lifetime of the front pads
is always shorter than the lifetime of the rear pads for each vehicle.
This is reasonable as more vehicle weight is pushing downward on the
front tyre in presence of braking, causing the wear of the front brake
pads more severe. In fact, such a phenomena is known as ordering
constraint in the literature and it is commonly seen in systems where
one component has to share more load than the other.

1.2. Literature review

The component lifetime dependence, the dynamic operating envi-
ronments and the lifetime ordering constraints are often considered
separately in the literature. Generally speaking, there are two ways
to deal with the correlations between the component lifetimes. The
first method is to directly use the multivariate distributions such as
the multivariate log-normal distribution [10], the multivariate Weibull
distribution [11] and the multivariate Birnbaum-Saunders distribu-
tion [12]. Because the correlation structure is restrictive in these mul-
tivariate lifetime models, the copula functions have attracted more
attention in the literature in constructing the multivariate distributions
for their flexibility in modelling the correlations. Some recent examples
include Liu et al. [13], Sun et al. [14], Lamboni and Kucherenko [15].
Nevertheless, one drawback of the copula-based methods is that the
related physical interpretation is often lacking [16].

Secondly, the effects of dynamic operating environments were often
incorporated by using the covariates information. For example, Okaro
and Tao [17] used the Weibull proportional hazards model with the
scale parameter being a function of the covariates. Izquierdo et al.
[18] proposed the dynamic Weibull proportional hazards model and
dynamic artificial neural network-based reliability model, where the
dynamic information of the covariates was incorporated to the com-
ponent failure rate. Li et al. [19] used the Bayesian networks and
proportional hazards model for reliability assessment by treating the
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dynamic environments as covariates. In practice, however, the values
of the covariates may not be available, e.g., the factors affecting the
braking behaviour. In such cases, the most common way to model the
effects of dynamic operating environments is to multiply the hazard
function by a deterministic function of the calendar/operating time or
a random variable following a certain distribution [20-22]. However,
as stated in Hong et al. [23], such a treatment essentially overlooks the
uncertainties in the dynamic environments.

At last, the lifetime ordering constraints have been studied by a
multitude of studies. For example, the ordering of component lifetimes
is often observed in the k-out-of-n systems or the coherent systems
where some components have to share more load/weights than the
others [24-26]. As shown in Zhang [26], ignorance of the lifetime
ordering constraints could lead to a significant bias in the system relia-
bility evaluation and hence could affect the decision making processes
such as designing maintenance plan and warranty policies. The focus
of these studies is mainly on estimation of the survival distributions,
and neither of them considers the component lifetime dependence and
the dynamic operating environments.

In summary, there have been very few studies simultaneously tack-
ling the above-mentioned three factors. Two excellent exceptions are
the recent studies by Hong et al. [23] and Xu et al. [16]. The underlying
idea of these studies is to use the cumulative exposure model, where
the equivalent operating time is modelled by a stochastic process to
account for both the dynamic operating environments and the correla-
tions between component lifetimes, and its outstanding performance in
evaluating multi-component system reliabilities has been validated by
simulations and real examples. Nevertheless, these methods cannot be
easily extended to deal with the ordering constraints on the component
lifetimes.

In terms of the system reliability evaluation, the point estimation is
generally easy as the standard maximum likelihood procedures can be
well employed. In practice, the interval estimation is of more interest
as it can quantify uncertainties during point estimation. When the
components are independently operating under the time-invariant en-
vironments, the confidence intervals of the system reliability are often
obtained by analytically deriving the distribution for some constructed
quantities [27-29]. However, an exact distribution is generally not easy
to construct when the components lifetimes are correlated and the
operating environments are dynamic. In such cases, the large-sample
approximation [16] and the bootstrap-based methods [23] are often
used. Nevertheless, their performance in presence of moderate sample
sizes cannot be guaranteed.

1.3. Objectives and outline

By employing the brake pads lifetime data as an illustrative exam-
ple, the objective of this study is two-fold. The first objective is to
develop a general statistical model for system reliability evaluation by
taking the dynamic operating environments, component lifetime depen-
dence, and lifetime ordering constraints into consideration. Following
the works in Hong et al. [23], Xu et al. [16] and assuming that the com-
ponents are operated under the same dynamic operating environments,
the first two factors are effectively incorporated by modelling the
cumulative hazard function as a stochastic process. In particular, the
exponential dispersion (ED) process which includes many commonly
used stochastic processes as its special cases is adopted in this study.
Furthermore, the support of the joint lifetime distribution is truncated
to tackle the ordering constraints on the component lifetimes. Once the
modelling framework is proposed, the second objective of this study is
to develop the estimation procedures for the model parameters and the
system reliability. In specific, the maximum likelihood method is used
for the point estimation while the generalized inference methods are
proposed for the interval estimation.
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The rest of the paper is organized as follows. Section 2 introduces
the modelling framework for components working under dynamic op-
erating environments and with lifetime dependence and ordering con-
straints. Based on the proposed models, Section 3 develops the statisti-
cal inference procedures for estimating the system reliability. Extensive
simulations are conducted in Section 4 to assess the performance of
the proposed interval estimation methods. The analysis of the brake
pads lifetime data is provided in Section 5, where another example on
soccer data analysis is also discussed. Concluding remarks are given in
Section 6.

2. Modelling of component lifetimes

Let T denote the component lifetime and S(¢) the survival function.
Then S(r) = exp{—C(t)}, where C(¢) is the cumulative hazard function.
For many popular lifetime models such as the Weibull, log-normal
and gamma distributions, C(¢) is simply a deterministic function of
the calendar/operating time . However, such a setting overlooks the
unpredictable change in the operating environment. To account for the
effects of the dynamic environment, it would be more reasonable to
assume that C(r) follows a stochastic process {Y(r),t > 0} [16,23].
In this paper, we assume that {Y(r),r > 0} is an ED process [30—
32], denoted as ED(uHy(t),n), which has the following properties:
(i) Y(0) = 0; (ii) it has independent increments; (iii) each increment
Y = V() - Y(s) (s < 1) follows the ED distribution (ED(u4H(1), 1))
with probability density function (PDF)

Sep(:0.1) = c(y, AHy(t), n) exp{n[yd — AH ;(1)x(6)]1}, (€Y

where AH (1) = Hy(r) — Hy(s), Hy(-) is a monotone increasing function
of time with parameter g, c(-) is the canonical function, and «(-) is
the cumulant function related to the successive cumulants of the ED
distribution. In addition, 4 = x’() is the drift parameter and 7 is
the dispersion parameter. The mean and variance of ED process are
respectively E[Y(1)] = uHy(t) and Var[Y(1)] = K”(G)Hﬂ(t)/n. When
k") = p?, d € (=,0] U [1,0), ED process covers many popular
stochastic processes including, for example, Wiener process (d = 0),
Poisson process (d = 1), compound Poisson process (1 < d < 2), gamma
process (d = 2) and Inverse Gaussian process (d = 3). x(0) has an
analytical form as follows [33]:

exp(6), d=1,
=] —log(=0), d=2,
K(0) = (2)
_ 2-d)/(1-d)
M= ™ 4% 1and2.

2—-d
It can be easily shown that «(6) is a strictly convex function of  given d
due to «” () = u? with u > 0, and that the moment generating function
of V(1) is

E[exp(sY(1))] = exp{nH()[x(0 + s/n) — x(O)]}. 3)

When there are two components as in the motivating example, the
model can be written as

TIC@) ~ SUC®), CW) ~EDuHy(n),n) i=1,2, 4

where T; represents the lifetime for the ith component. It is worth
mentioning that the original lifetime distribution of 7; can be any distri-
bution with positive support, which generalizes the results of [16,23].
Based on model (4), the marginal survival function of T; is Sr.() =
E[exp(=C(1))] = exp{nH;®)[x(® — 1/n) — x(0)]1}. Thus, some special
lifetime distributions are obtained for different forms of Hy(), for
example, exponential distribution with H(r) = 7, Weibull distribution
with Hy(t) = t#, Gompertz distribution with Hy (1) = exp(pt) — 1, and
Lomax distribution with H, 5(@) =log(1 +1/p), etc. Under model (4), it
can be shown that the joint survival function of T} and T; is

S(ty,1,) =exp {—"IHﬁ(I(l)) [K(e = 1/m) —x(0 - 2/"I)] —nHy(t )
X [K(e) — k(0 - 1/77)]},
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where #(;, < t, are the values by sorting 7, and , in an ascending order.
In addition, the component lifetimes T; and 7, are positive quadrant
dependent. The derivations are given in Appendix.

Analogous to [16], we can show that S(#;,7,) is not continuous,
which will be singular when ¢, = 1,, and that the joint PDF of T, and
T, is

" L, OH,(t)
n*vK| VK, Hl.:l i exp{—nHy(t)vi, — nH(ty)vi, },
1
t < fy,
, L OH,)
Flty.ty) = N*VK| VK, Hi=1 = exp{—nHy(t)vi) — nHy(t)vK, },
1
> 1,
i)
n(VKky — VKy) ” exp{—nHy®)vky},
f=ty=t

)

where vk, = k(0) — k(0 —2/n), vk, = k(0 —1/n) — k(0 —2/n), and vk, =
k(0) — k(0 —1/n). The support of (T}, T,) is divided into three parts. The
first part is the region with T; < T,, where the first component will have
failed prior to the second component. While the second region with
T, > T, implies that the second component fails earlier than the first
component. In the third region, the two components fail simultaneously
due to the great influence from the external environments. Thus, model
(4) fails to describe the phenomenon that T is strictly smaller than 75,
as in the brake pads data case.

A direct solution is to truncate the support of f(¢,,1,), and to restrict
it on the region of 7, < 1,. If T} is strictly smaller than 75, then the joint
PDF of T| and T, is

2 0H ()

i ot;

2
Jrr(t, 1) =n"VK§VK,

x exp{—nH;(t)vk; —nHy(t))vio )1 < 1. ()

The derivation is given in Appendix. When T) is strictly larger than 75,
the joint PDF of T} and T, could be derived similarly based on the case
of t; > t, in (5).

Although the new joint PDF can describe lifetime ordering con-
straints, we need to check whether f;x(,.1,) keeps the correlation be-
tween T, and T, because the two components are affected by common
stochastic environments, and neglecting dependence will underestimate
or overestimate the system reliability [23,34]. One popular method is
to investigate the order of total positivity between 7| and 7, [35].
Following the procedures in Appendix, we establish that 7| and 7,
are totally positive of order 2, which indicates a strong dependence
relationship and includes the positive quadrant dependence and the
Pearson linear dependence as special cases [36, chap.9].

In summary, correlation and ordering between two random vari-
ables could be figured out simultaneously by frr(7,,,). Apparently,
correlation between two random variables cannot be reflected by a
single parameter in the proposed model. The classical Pearson’s corre-
lation coefficient is not sufficient to describe such relationship, because
T, and T, are affected by a common ED process. In fact, we have
shown that some nonlinear construction of correlation exists in the
proposed model, and it may be difficult to quantify correlation by
model parameters. In Section 5 of the real applications, the Spearman’s
rank correlation is used and tested for existence of dependence between
two random variables.

3. Statistical inference of model parameters

Based on the model developed in Section 2, the next important task
is to estimate the model parameters and construct their confidence
intervals. The following two subsections discuss these two important
tasks respectively.
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3.1. Point estimation

Assume that the observed data are {(#);,%,;), j = 1,...,n}, and
1y <ty for each j. Let @ = (5,0, d, f). The likelihood function based
on frgp(t;,t,) in (6) could be written as

2 n

Ly© =n"[vxo)"lvio)" [T TT Hpt:)

i=1 j=1
n n
X exp {—’IVKl Z Hpy(ty;) —nvi, Z Hﬂ(t2j)} , @
j=1 =

JdH (1)
where Hé(t,-j) = /

1=t;;
(41, A3, B). Then the likelihood function (7) becomes

2 n
Ly@ =i 2 [T #y)

i=1 j=1

X exp {—Al 2 Hylt)) =4 Z[Hﬁaz,)—Hﬁ(n,)]}. ®

Jj=1 Jj=1

. Let 4, = nvky, 4, = yvk,, and @ =

Maximizing log L,(®) with respect to @, we obtain the maximum like-
lihood estimators of 4, and 4, as follows:

_ n n

X Ha)' X [Hj(t) = Hy(ty )]

The maximum likelihood estimator of § can be obtained by maximizing
the following function:

n n 2 n
—nlog <Z[Hﬁ(r2j) - Hﬁ(rlj)]> —nlog <Z Hﬁ(rlj)> + ) Y log Hj(t;)).

j=1 j=1 i=1 j=1

A Ay =

Remark: Once the data are observed, the values of (1 1s 22) are fixed
regardless of the forms of k(-). Therefore, the original parameters 7, 0
and d cannot be simultaneously identified, and only two of them can
be estimated based on the observed data. We recommend two ways
to do statistical inference: choose a specified value of d or let = 1.
The former choice means that we choose a specified stochastic process
{Y(),t > 0} to incorporate the effects of dynamic environments into
the model, while the latter case is to scale the dispersion parameter
and let the data to learn an optimal d (corresponding to a stochastic
process) to describe the stochastic effects of dynamic environment.

3.2. Interval estimation

As reviewed before, interval estimation based on the large-sample
normal approximation or the bootstrap usually performs unsatisfacto-
rily when the sample size is small. Here, we propose the generalized
inference method to construct confidence intervals for the model pa-
rameters. To construct exact confidence interval (CI) of §, we need the
following lemmas, which could be adapted from [37].

Lemma 1. If V., < < V,., are order statistics from standard
exponential distribution with sample size n, let W\ = nV,.,, W, = (n —
i+D)V;.,—Vi_i.n), i =2,...,n, then Wy, ..., W, are independent standard
exponential random variables.

Lemma 2. IfQ,; = Z;.:I W, i=1,...,n, and U; = Q;/0,,i=1,...,n—1,
then U, < --- < U,_, are order statistics from uniform (0, 1) distribution with
sample size n — 1.

Theorem 1. Let Z, = Hy(Ty) and Z, = Hy(T,) — Hy(T). Then
Z, ~ Exp(A)) and Z, ~ Exp(4,), where Exp(4) denotes the exponential
distribution with rate A. Moreover, Z, and Z, are independent,

See the proof in Appendix. From Theorem 1, we have that 4, Z, and
A, Z, follow standard exponential distribution and they are indepen-
dent. Let zy; = Hy(ty;), zo; = Hy(ty;) — Hy(ty;), j = 1,...,n. Denote that

Reliability Engineering and System Safety 218 (2022) 108136

Zistin < < Z

i-n:n are the ascending order of z
Let

ijod = 1,....n,i = 1,2.

Wi =nz;..,, I/Vij =Mn-j+ 1)(Zi:j2n _Zitj—l:n)’j =2,...,n i=12

J
Qij = ZVV,'[(J =1,...n, U,‘;j = Qij/Qin’j =1,...,n—1.
=1

~

©)

From Lemmas 1-2 and Theorem 1, we know that both U;.; < -+ <
U,.,.; and U,.| < --- < U,.,_, are the order statistics from the uniform
(0, 1) distribution with sample size n—1, and they are independent. Then
we construct the pivotal quantity [38, chap.9] for the parameter f:

n—1 n—1
M(B) = Y\ (=2logUy.)) + Y (~2logUy. ;) = My(B) + My(B). (10
j=1 j=1
It can be easily shown that M,(f) and M,(p) are strictly increasing
function of f. Both M, () and M,(p) follow the y? distribution with
2(n—1) degrees of freedom, and they are independent. Thus, M (f) has
the y? distribution with 4(n — 1) degrees of freedom. An exact | —a CI

for g is
(M1 27 b= )] M1 [22 60 - )] an

where y2(m) is the upper « percentile of the y? distribution with m
degrees of freedom and M~!(x) is the solution in # of the equation
M(p) = x, for x > 0.

For the parameter 4, we know that E, = 24, ¥_; z; = 24, X_,
Hj(t;) has the z? distribution with 2n degrees of freedom. Then,

_ E,
230 Hyty))
Let g(M,T) be the unique solution of M(#) = x. Then according to the

substitution method [39], we substitute g(M,T) for g in (12) and have
the generalized pivotal quantity for the parameter 4,:

A 12)

P £y 13)
1= < - >

2 X1 Hyorp(t1))
where ¢ = ((t.0).0 = 1,...,n} is the observed values of T =

{(T\;,T;),j = 1,...,n}. It is easy to see that the distribution of P, is
free of any unknown parameters.
Notice that E, = 24, ¥7_, 2p; = 24, X1, [Hp(tp;) = Hy(t);)] has the

z? distribution with 2» degrees of freedom. Then we have that

2 Z;-lzl [Hp(ty;) — Hy(t1))] '
Using the substitution method, we have the generalized pivotal quan-
tity for the parameter A,:
— E2

2 X g (1)) = Hyoag (1)1
The distribution of P, is free of any unknown parameters.

For any function of the parameters g, 4, and 4,, say, J(B, 4, 4,), the
generalized pivotal quantity for J(f, 4, 4,) can be constructed as

14

A

Py (15)

Py =J(g(M,1), P, Py), (16

which is also free of any unknown parameters. Thus, an approximate
1 — a CIs for the parameters 4,, 4, and J(f, 4,, 4,) can be obtained by
the following Monte Carlo Algorithm 1.

4. Simulation studies

For illustration, simulation studies are performed to assess the pro-
posed inference method. Assume that the system has two components,
and the effects of random environments are described by ED process
ED(uH (1), 1), where Hy@t) = t#, and the parameter d for identifying
model is set to be 1.5, 2, and 3 corresponding to compound Poisson
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Fig. 2. Fitted marginal CDFs for the lifetime data of front and rear brake pads.

Algorithm 1: Generalized CIs for A, 4, and J(8, 1;, 4,)

Input: The observed data {1190 =1, -+, n}.

Generate M ~ y%(4(n— 1)), E; ~ ¥*(2n) and E, ~ y*(2n)
independently;

Compute the values of P;, P, and P; based on (13), (15) and
(16), respectively;

Repeat the above two steps N times, and get N values of P;:
Piys e, Py, 1= 1,205

4 Let P, denotes the upper « percentile of P. Then P;;_,/, and
P, ,/» can be obtained based on P, -, P,y;

[P 1—a/2: Piaj2] is an approximate 1 — a CI for the corresponding
parameter.

-

N

w

wu

process, gamma process and Inverse Gaussian process, respectively.
Without loss of generality, let 4 = 1. Then the parameters (4;, 4,) =
(1.000, 0.667), (1.098, 0.693) and (1.236, 0.732), respectively. g is
chosen as 0.8 and 3 corresponding to decreasing and increasing failure
rate, respectively. In addition, the sample size » is set as 20, 30 and 50.

For each combination of (n,d, ), we generate 2,000 samples to
obtain the bias and mean square errors (MSE) of estimating the param-
eters as well the 0.05 and 0.95 lifetime quantiles of the two components
(denoted as 1 s, 1,095+ 12,005 12,095)- For better presentation, the re-
sults of relative bias (RB) and root MSE (RMSE), which are defined as

| s
RB =[50 2 5

i=1

1 2000
—— 3 6, - 072, a7
2000 Z, !

are reported in Tables 1-2. Overall, the parameters can be satisfactorily
estimated in all the scenarios, as the RMSEs are all quite small in
Table 2. It is observed that the RBs for estimating the 0.05 lifetime
quantiles can be relatively large (10%-20%) when g = 0.8 and »n < 30.
This is because the true values of the 0.05 lifetime quantiles are small
and a small bias on the parameter estimates may yield a large bias in
estimating the lifetime quantiles. On the other hand, the estimation
performance in terms of RMSE is still satisfactory and when n = 50,
the RBs of the 0.05 lifetime quantiles are all less than 10%.

We then the performance of the proposed GPQ method in construct-
ing the CIs for the model parameters as well as the lifetime quantiles.
We set N=10,000 in Algorithm 1 and use the empirical percentiles
for interval estimation with the nominal level 95%. Based on 2,000
replications, the coverage probabilities (CPs) are shown in Table 3,
where the other model settings are the same as those of the point esti-
mation procedures. As seen, the CPs are always very close the nominal

0
| % 100, RMSE =

level regardless of the parameter settings and sample sizes, indicating
the superiority of the proposed interval estimation procedures. The
almost accurate quantification of the uncertainties evidently provides
precise information on the component reliability, which is valuable in
designing new systems or comparing competitive designs.

5. Applications

For illustrative purposes, two examples are analysed to show how
the proposed framework can be applied in practice. We first revisit the
lifetime data of brake pads and then conduct a detailed analysis on a
dataset from the UEFA Champion’s League. In both applications, three
commonly-used forms of Hy(1), i.e., t#, exp(ft) — 1 and log(l + t/p),
are used for comparison. The Akaike information criterion (AIC) and
Bayesian information criterion (BIC) are used for model selection and
the model with the smallest AIC or BIC value is selected.

5.1. Brake pad data analysis

We revisit the lifetime data of the front and rear brake pads as
introduced in Section 1. We first check the correlations between the
lifetimes of the front and rear brake pads. Unlike the classical Pearson’s
correlation coefficient that describes the linear relationship between
two random variables, Spearman’s rank correlation is used to charac-
terize nonlinear correlation. The Spearman’s rank correlation for this
dataset is p = 0.336, and the p-value of testing for association between
T, and T, is 0.048, which means that correlation exists between the
two random variables under the significance level 0.05. The proposed
model (6) with Hy(1) = #, exp(Bt) — 1 and log(l + ¢/p) is fitted
for comparison. The point estimates and the 95% CIs of the model
parameters are obtained for each form of H(?), as listed in Table 4. The
values of AIC and BIC suggest that the model with H,(1) = t# provides
the best fit.

Once Hy(1) = 1# is selected, we could use the ML estimates to esti-
mate the individual reliability of font and rear brake pads. For example,
the estimated marginal cumulative distribution functions (CDFs) are
plotted in Fig. 2, where the empirical CDFs are also plotted. As seen, the
estimated results and the empirical results match reasonably well, indi-
cating the appropriateness of our modelling and estimation framework.
The estimated reliability information is valuable in many subsequent
decision-making activities including reliability prediction of new car,
prediction of warranty costs, planing of maintenance activities, and
assessment of the effects of a proposed design change [40,41].
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Table 1
The RB of the estimates for different sample sizes and models.
=08
Model Sample size (n) Parameters
B A A H d 1005 11,095 12005 1095
20 4.836 1.154 5.533 2,613 0.308 16.874 7.102 23.153 0.934
d=15 30 3.562 0.126 4.486 2.243 0.935 12.854 4.475 17.946 1.426
50 1.431 0.234 2.054 1.389 0.702 5.648 2.197 9.575 0.829
20 5.154 1.126 5.644 2.737 0.928 15.520 7.214 23.650 1.032
d=2 30 3.582 0.452 4.311 1.931 1.306 12.865 4.431 17.905 1.519
50 1.634 0.246 2.253 1.312 1.865 4.642 2.867 9.617 0.723
20 5.207 1.379 5.016 5.684 5.046 15.688 7.351 23.363 1.850
d=3 30 3.583 0.754 3.968 5.137 4.556 12.772 4.396 17.502 1.640
50 1.694 0.430 1.953 2.102 1.318 5.673 2.378 9.847 0.972
p=
Model Sample size (n) Parameters
B A A H d 11005 11,095 12005 1095
20 4.924 1.179 5.754 2.263 0.313 4.491 1.951 6.112 0.245
d=15 30 3.528 0.304 4.291 2.986 0.905 3.497 1.138 3.898 0.476
50 1.711 0.438 2.151 1.551 0.763 1.534 0.637 2.539 0.218
20 4.975 1.462 5.557 3.083 0.796 4.477 1.934 6.054 0.284
d=2 30 3.571 0.748 4.105 2.442 1.224 3.565 1.147 3.981 0.538
50 1.710 0.497 1.983 1.818 1.842 1.517 0.641 2.564 0.241
20 5.026 1.718 4.917 4.107 5.046 4.388 1.931 5.897 0.371
d=3 30 3.584 0.991 3.798 3.638 4.296 3.605 1.135 4.057 0.561
50 1.704 0.543 1.844 1.012 1.211 1.566 0.656 2.576 0.272
Table 2
The RMSE of the estimates for different sample sizes and models.
=08
Model Sample size (n) Parameters
p A Ay H d 005 095 1005 1095
20 0.133 0.276 0.224 0.247 1.856 0.023 1.099 0.053 1.776
d=15 30 0.107 0.205 0.181 0.187 1.431 0.018 0.865 0.039 1.479
50 0.074 0.149 0.128 0.138 0.893 0.012 0.775 0.025 1.101
20 0.135 0.296 0.216 0.268 2.152 0.022 1.116 0.049 1.741
d=2 30 0.106 0.224 0.185 0.232 1.823 0.016 0.857 0.037 1.457
50 0.078 0.167 0.130 0.176 1.396 0.011 0.761 0.024 1.003
20 0.136 0.336 0.229 0.293 2.330 0.018 1.105 0.048 1.663
d=3 30 0.106 0.240 0.181 0.261 1.930 0.013 0.740 0.036 1.423
50 0.079 0.183 0.132 0.186 1.813 0.009 0.769 0.023 1.026
p=
Model Sample size (n) Parameters
B A Ay H d 11,005 11095 12005 1095
20 0.512 0.280 0.220 0.232 1.925 0.070 0.119 0.097 0.120
d=15 30 0.408 0.204 0.183 0.193 1.425 0.057 0.095 0.079 0.098
50 0.297 0.156 0.141 0.135 0.940 0.042 0.077 0.060 0.077
20 0.511 0.309 0.224 0.245 2.375 0.068 0.115 0.095 0.118
d=2 30 0.407 0.223 0.187 0.207 1.985 0.055 0.092 0.078 0.097
50 0.297 0.171 0.144 0.183 1.524 0.041 0.075 0.059 0.076
20 0.510 0.351 0.231 0.261 2.822 0.065 0.111 0.093 0.116
d=3 30 0.407 0.251 0.193 0.234 2.515 0.053 0.089 0.076 0.095
50 0.296 0.192 0.148 0.208 2.413 0.039 0.072 0.057 0.075

5.2. Soccer data analysis

The second example is the UEFA Champion’s League (soccer) data
from [42]. The data have two variables: the first variable T, represents
the time in minutes of the first goal of any type scored by the home
team, and the second variable 7, denotes the time of the first kick
goal scored by any team. The sample size of the original data is 37.
In this case all possibilities are open, for instance T, < T,, T} > T, or
T, = T,, and they occur with positive probabilities. Thus, the joint PDF
in (5) can be used to analyse this dataset. All the data points have been
divided by 60, so that the unit is changed to be hour and the model
parameters are of the same order. Based on the complete data, the AIC
and BIC values are computed for H(f) = t#, exp(ft)— 1 and log(1 +1/p),

respectively. The model with H(t) = exp(ft) — 1 has the smallest AIC
and BIC values, which are 91.337 and 97.781, respectively.

For illustrating the effectiveness of model (6), we use the data with
T, < T,, and only 17 observations are kept. Firstly, we check the
correlation between the two variables. For this dataset, the Spearman’s
rank correlation p = 0.556, and the p-value of testing for association
between T, and 7, is 0.021, which indicates that the two random
variables are correlated under the significance level 0.05. Secondly,
the proposed model is applied to analyse this dataset. The point and
interval estimation of the parameters are obtained by the proposed
generalized inference. The results as well as AIC and BIC values are
listed in Table 5. From Table 5, we see that the model with Hy(#) =
exp(pft)—1 has the smallest AIC and BIC, which is the same as the results
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Table 3
The CP of the estimates for different sample sizes and models.
p=08
Model Sample size (n) Parameters
p Ay Ay H d 005 1095 1005 1,095
20 0.9545 0.9435 0.9515 0.9605 0.9555 0.9565 0.9445 0.9535 0.9465
d=15 30 0.9470 0.9530 0.9495 0.9590 0.9465 0.9505 0.9490 0.9485 0.9505
50 0.9515 0.9490 0.9505 0.9550 0.9480 0.9505 0.9505 0.9495 0.9500
20 0.9535 0.9450 0.9525 0.9615 0.9595 0.9560 0.9470 0.9535 0.9455
d=2 30 0.9470 0.9530 0.9495 0.9595 0.9465 0.9505 0.9490 0.9510 0.9515
50 0.9485 0.9480 0.9495 0.9505 0.9520 0.9490 0.9520 0.9510 0.9505
20 0.9530 0.9455 0.9535 0.9540 0.9540 0.9550 0.9475 0.9535 0.9450
d=3 30 0.9470 0.9535 0.9500 0.9520 0.9465 0.9510 0.9500 0.9475 0.9505
50 0.9485 0.9480 0.9505 0.9495 0.9485 0.9515 0.9495 0.9485 0.9505
p=
Model Sample size (n) Parameters
B A A H d 11005 11095 12005 1095
20 0.9515 0.9435 0.9525 0.9645 0.9665 0.9585 0.9480 0.9535 0.946
d=15 30 0.9445 0.9460 0.9450 0.9560 0.9570 0.9430 0.9465 0.9440 0.938
50 0.9445 0.9505 0.9500 0.9455 0.9390 0.9460 0.9420 0.9420 0.955
20 0.9515 0.9450 0.9520 0.9615 0.9690 0.9590 0.948 0.9535 0.9445
d=2 30 0.9445 0.9485 0.9445 0.9565 0.9585 0.9430 0.947 0.9435 0.9390
50 0.9445 0.9470 0.9495 0.9505 0.9390 0.9465 0.942 0.9425 0.9545
20 0.9510 0.9445 0.9545 0.9565 0.9615 0.9590 0.9475 0.953 0.9455
d=3 30 0.9445 0.9490 0.9450 0.9520 0.9480 0.9430 0.9475 0.944 0.9385
50 0.9445 0.9460 0.9515 0.9485 0.9385 0.9460 0.9425 0.943 0.9565
Table 4
The point and 95% CI estimates of the parameter for the lifetime data of the brake pads.
Hy(0) Estimate Y} " d A A, X 100 AIC BIC
Point 4.105 0.106 11.506 0.266 0.272
t# 2.5% 3.372 0.063 6.381 0.158 0.069 67.431 72.097
97.5% 4.928 0.163 19.362 0.407 0.870
Point 1.067 0.132 15.184 0.325 0.928
exp(fr) — 1 2.5% 0.384 0.064 6.393 0.159 0.070 83.778 88.444
97.5% 1.654 0.166 19.586 0.410 1.170
Point 0.234 0.121 12.557 0.251 0.303
log(1 +1/p) 2.5% 0.084 0.067 5.273 0.152 0.074 121.120 125.786
97.5% 0.369 0.172 18.569 0.398 0.883

based on the complete data. The effects of the dynamic environment is
characterized by ED process €D (0.54[exp(1.695¢) — 1], 1) with d = 2.297.
Since d = 2 (corresponding to gamma process) lies in the 95% CI of d,
i.e., (1.329, 2.948), we can state that gamma process reflects the effects
of the dynamic environment. Fig. 3 shows the estimated marginal CDFs
and their 95% CIs for 7| and T,, where we can see that the estimated
CDF fits the empirical CDF reasonably well.

6. Conclusion

This paper proposed a general statistical framework for system
reliability evaluation considering the dynamic operating environments,
the correlated component lifetimes, and the lifetime ordering con-
straints. To the best of our knowledge, this is the first study which
simultaneously tackles the above-mentioned three practical issues. The
exponential dispersion process was proposed to model the cumulative
hazard function, which effectively captured the effects brought by
the dynamic environments and the resulting correlated lifetimes. By
truncating the joint lifetime distribution, the ordering constraint was
further incorporated. Based on the developed model, the point and
interval estimates of the model parameters and the lifetime quantiles
were readily obtained. In particular, simulation studies showed that
the proposed confidence intervals always maintained a very accurate
coverage regardless of the sample sizes and parameter settings. At last,
the usefulness and effectiveness of the proposed framework was well
illustrated by the real brake pads lifetime data and soccer data.

Future research may focus on systems with more than two com-
ponents. A direct extension of the proposed framework is not easy as
lifetime ordering of multiple components can be complicated and the
generalized pivotal quantities cannot be straightforwardly constructed.
In addition, it is possible to consider random effects among different
systems when the lifetime data are from different sources. One way of
doing this is to allow one model parameter to change over systems.
However, such a treatment may bring in difficulties in statistical infer-
ence. Furthermore, more accurate evaluation of the system reliability
is expected if the lifetime data from field and lab test are jointly
analysed [43]. We believe this study could serve as the building block
for all the mentioned research directions but substantial efforts are still
needed.
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Table 5
The point and 95% CI estimates of the parameter based on the soccer data with 7| < T5.
H (1) Estimate Y} " d A Ay AIC BIC
Point 1.567 8.351 11.697 3.450 2.085
g 2.5% 1.040 2.051 3.634 1.893 1.213 11.00 13.50
97.5% 2.164 12.223 19.818 5.542 3.223
Point 1.694 0.540 2.297 0.783 0.449
exp(ft) — 1 2.5% 1.045 0.055 1.329 0.468 0.203 8.20 10.70
97.5% 2.147 1.154 2.948 1.475 0.867
Point 1.673 3.156 2.214 3.289 1.886
log(1 +1t/p) 2.5% 1.142 2.042 1.351 1.788 1.222 22.2 24.70
97.5% 2.679 4.861 3.460 5.312 3.151
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Fig. 3. Fitted marginal CDFs of 7| and T, based on soccer data with 7| < T5.
Appendix Then we have

A.1. Derivations of joint distribution of T; and T, under model (4)

(i) According to the property of ED process, we know that C(#;,) and
AC(1(5)) = C(tp))—C(t()) are independent. C(t;)) ~ ED(uH (1), n) and
AC(t(5)) ~ ED(uAHy(t (), n). Conditioned on C(t(y,) and AC(t()),

P(T| > 1, T, > 1,|C(t(;)), AC(t(3))) = exp{=2C(t;)) } exp{—AC(3))}.
Then taking the expectation of P(T} > 1, T, > 1,|C(t(;)), AC(t(5))) with
respect to C(t(;)) and AC(ty)), we have
S(ty,1) = P(Ty > 1, T, > 1)
= EC(,(”)[exp{—2C(t(|))}]EAC(,(Z))[exp{—AC(t(2>)}]
= exp{nHy(t)x(0 — 2/n) — k(O)]}
X exp{nAH y(t))[k(© — 1/m) — ()]}
= exp {=nH (1)) [0 = 1/m) = k(O = 2/m)] = nH (1)
X [x(@) —x@-1/n)]},

where the calculation of the third equality is from (3).
(ii) Two random variables 7| and T, are said to be positive quadrant
dependent if

P(T) > t,T, > ty) > P(T) > t)P(T, > t5),

for all 7, and ¢,.
The survival function of T, can be derived as

P(T; > 1;) = E lexp{—C(1)}]
= exp{—nHy(t)[k(©) — k(0 - 1/m]}, i =1,2.

_ P(T, >1,T, > tp)
m“w_mn>mmn>m
= exp{nH(t)[(x(0) — (0 — 1/m)
= (k0 = 1/n) — k(0 — 2/m)]}.

18

Since «(-) is a convex function, we have that [x(0) — k(6 — 1/n)] — [x(0 —
1/n) — k(@ —2/n)] > 0. Then O(t},1,) > 1. Therefore, T} and T, are

positive quadrant dependent.

A.2. Derivations of joint distribution of T) and T, under T\ < T,

First, we compute the probability of T| < T, that is,

e 15
P(T1<T2)=/0 /o f(ty,ty)de, dt,

o 2
~ I IH(1))
= N°Vk| VK, p

o Jo e 7

x exp{—nHy(t;)vk) — nHp(ty)vi, }dr dt,

/°° v 0H (1)
= K
o nvKy ot,

X [1 —exp{—nH(ty)vk, }1dt,
VKy _ VK|

=] - — =

VK| + VK,

exp{—nH(t,)vk, }

VKo
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Thus, the joint PDF of T and T, on the region T} < T, is

f(.1)
t,1) = ——
Jrr(ti:12) P(T, <T»)
2
OH, (1))
= r]2vxovrc2 —(;;_ -

i=1 !

X exp{—nHy(t)vi) —nHyt)vKy}, 1) <1p.

A.3. Order of total positivity between T\ and T,

Here we show that T} and T, are totally positive of order 2. We first
introduce the definition given by [35].

Definition 1. Let X and Y have a joint PDF p(x,y). Then p(x,y)
is said to be totally positive of order 2 if for all x; < x5, ¥ < yy,
p(x1, yp(xp, ¥2) 2 p(xy, y2)p(xy, y1)-

From Definition 1, we should prove that for all 7| < 1,, 15| < 59,

fre (s t1) fre (s 1) = Frr (t1b12) Frr (f2.121) 19

where t;, and t,, are any observed values of T;. We discuss the results

1. If t}5 > t,, then frg(t15.15,) = 0. The inequality (19) holds.
2. If t, <1, then

fra (tist21) frr (tast2) =R (110 12) Frr (t2:121)

i [Vio]? [V HHaHﬁ

i=1 j=
x exp{—n [Hy (1) + Hy (1, )]
X VK'I—V][Hﬂ( )+Hﬁ )]VK'Z}
Thus, the results hold.

A.4. Proof of Theorem 1

The transformation is one-to-one respondence, and we have 7| =
1(Zl),Tz = Hﬁl(Z1 + Z,). Let J be the Jacobian matrix of the
transforrnatlon from (Z,, Z,)'to (T}, T,)’, and

1
Hy(H;N(2)) - Hy(H;'(Z, + Zy)

AT, T
Zy, Zy)

Thus, the joint PDF of Z = (Z,, Z,)' is

f7(z1,20) = frr(ty, 1) - T
= nzvxov;cz exp{—nvk;z| — nvky(z) + )}
= nvky exp{—nvkyz;} - VK, exp{

= (A + ) exp{—(4; + A))z;} - Ay exp{—4y2,}.

—NVKyZy}

Thus, the results hold.
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